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A fundamental problem in Fourier transform NMR spectros-
copy is the calculation of observed resonance amplitudes for a
repetitively pulsed sample, as first analyzed by Ernst and Ander-
son in 1966. Applications include determination of spin—lattice
relaxation times (T,’s) by progressive saturation and correction for
partial saturation in order to determine the concentrations of the
chemical constituents of a spectrum. Accordingly, the Ernst and
Anderson formalism has been used in innumerable studies of
chemical and, more recently, physiological systems. However, that
formalism implicitly assumes that no chemical exchange occurs.
Here, we present an analysis of N sites in an arbitrary chemical
exchange network, explicitly focusing on the intermediate ex-
change rate regime in which the spin-lattice relaxation rates and
the chemical exchange rates are comparable in magnitude. As a
special case of particular importance, detailed results are provided
for a system with three sites undergoing mutual exchange. Specific
properties of the N-site network are then detailed. We find that (i)
the Ernst and Anderson analysis describing the response of a
system to repetitive pulsing is inapplicable to systems with chem-
ical exchange and can result in large errors in T, and concentra-
tion measurements; (ii) T,’s for systems with arbitrary exchange
networks may still be correctly determined from a one-pulse ex-
periment using the Ernst formula, provided that a short interpulse
delay time and a large flip angle are used; (iii) chemical concen-
trations for exchanging systems may be correctly determined from
a one-pulse experiment either by using a short interpulse delay
time with a large flip angle, as for measuring T,’s, and correcting
for partial saturation by use of the Ernst formula, or directly by
using a long interpulse delay time to avoid saturation; (iv) there is
a significant signal-to-noise penalty for performing one-pulse ex-
periments under conditions which permit accurate measurements
of T,’s and chemical concentrations. The present results are anal-
ogous to but are much more general than those that we have
previously derived for systems with two exchanging sites. These
considerations have implications for the design and interpretation
of one-pulse experiments for all systems exhibiting chemical ex-
change in the intermediate exchange regime, including virtually
all physiologic samples.

Key Words: chemical exchange; one-pulse experiment; satura-
tion factors; partial saturation; progressive saturation.
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INTRODUCTION

The simplest and still the most widely used NMR experi
ment is the one-pulse experiment, that is, the application of
long train of pulses of flip anglé alternating with interpulse
delays of duration TR, with signal acquisition after each puls
This repetitively pulsed system rapidly and asymptoticall
approaches a cyclic steady state. The observed magnetiza
resulting from such an experiment was derived by Ernst ar
Anderson {) when the use of Fourier transform NMR was
becoming widespread. The Ernst and Anderson analysis
applicable to an isolated spin system and incorporates bc
longitudinal and transverse magnetization effects. The mc
commonly used form of their result, known as the Ernst equ
tion, applies to the case in which TR T,, so that transverse
magnetization effects may be neglected:

Mod 6, TR) (1 — e ™™M)sin g L
MO - (1 _ e_TRIT1COSQ) ’ [ ]

whereM, is the equilibrium magnetization a6, TR) is
the observed magnetization in the steady state resulting fron
pulse sequence with paramet®rand TR.

It is evident from [1] that the spectral line will be of
maximum amplitude, that isVi,,{6, TR) = M,, whenever
TR — « and § = 90°. Otherwise the saturation factor, SF, i
defined as the ratio of the steady-state observed magnetizat
to the equilibrium magnetization and is a functiorpTR, and
T, for an isolated spin

Mepd 0, TR)

SHTy; 0, TR) = M
0

_ resonance amplitude, TR)
~ equilibrium resonance amplitude

(2]

According to this formulation, the SF for each resonance in
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multicomponent spectrum is entirely independent of the pres-However, in many chemical and physiologic systems e

ence or properties of other resonances. change occurs among multiple sites. For example, three-s
Expressions [1] and [2] are used widely in NMR spectrogxchange networks can be of either the linear form,

copy and imaging. One application is to the measurement of

T,’s by progressive saturatio2); in which SF’s are observed

for a series of values of TR for fixel The resulting resonance A Kng B Kac c [6]
amplitudes are then fit to Eqg. [1] to obtain. Similarly, T, K K '
maps in magnetic resonance imaging are obtained by a pixel- A 8
by-pixel fit to an equation of this form.
In addition, as shown by Ernst and Anderson, large improvgr the cyclic form,
ments in the signal-to-noise ratio (SNR) per unit time can be
achieved by use of TR T, and 6 < 90°. The condition TR
= T, results in resonance saturation, that is, inability of the A
magnetization vector to fully relax tM, by the end of the kg Lk fac
interpulse delay. The amplitude loss resulting from this can be o [7]
corrected by measuring the resonance’sand then determin- Bk@wc

ing the fully unsaturated resonance amplitude by use of Eq. [1].
More commonly, a correction based on Eq. [2] is implemented

in which the SF is measured by comparing the amplitude of tegstems with a greater number of exchanging compoun
resonance obtained with a long TR to the amplitude obtainggyiously may have more complex patterns.

with a shorter TR, for a fixed. This empirically measured SF  gq; three-site exchange it is possible but difficult to carr
is then used to correct subsequent amplitude measuremeﬂpﬁ%ugh a calculation analogous to the original oBefér two
Both of these approaches require that the SF depends onlysqgs by solving the coupled Bloch-McConnell equations and th
the values of TR and for a givenT;. _ _ deriving the appropriate steady state. However, this explicit cor
However, as we have shown in previous theoretical angltation in closed form becomes completely intractable for four
experimental work3-5), Eq. [1] is valid only in the case in more sites and provides little insight into the properties of th
which the species under consideration is not in ch_emical &feneralN-site exchange network. Accordingly, we present here
change. These papers treated the case of two species, A anfinalism that permits us to easily address the three-site proble
undergoing exchange in the intermediate regime in which thgn pe readily generalized to include additional sites, and allo
spin—lattice relaxation rates and the chemical exchange ratg@sqg obtain general results for thesite system.
are comparable in magnitude._ The pseudo-uni_molecular eX-The organization of the paper is as follows. The gener.
change ratek,; andke, are defined by the reaction schemetheory js first presented, followed by detailed simulation resul
for the three-site case. After a description of the effect c

A Kne B 3 exchange on saturation factors, the practical problem of acc
E K ' [3] rate T, measurement is addressed. An apparent spin—latti
BA

relaxation time, T3, which results from incorrectly ignoring
chemical exchange in & measurement, is defined. The de:

solution to the relevant system of Bloch—-McConnell equatiéhs (V|a|t|on Ole_ from_the trug‘l}i_ IS mV?St'gite ?1 asa fhunct|(7n of
for two-site exchange and using this solution to derive the appft!}J S€ repetltlor?_ t;]me anb P ?ﬂg e w (chb arﬁ t e only twe
priate steady state. It was shown that the observed saturafgiiameters which can be readily varied by the investigat

factor for a resonance, e.g., A, depends not only on the flip angiEActical bounds are provided for TR and flip angle to achiey

and TR of the pulse sequence ahg, as is the case for nonex- ccurate measurements. The question of accurate concentra
changing species, but also B, ke, '\;lom andMos. Thus, Eq. [2] measurements as derived from magnetization measurement
is replaced by a three-site exchanging system is then investigated. The de

ation of apparent concentration ratios from true concentratic
ratios is investigated, and specific parameter constraints ¢

= SHMoa, Mog, Tia, Tigs Kag; 6, TR), [4] provided which ensure accuracy. Finally, general properties
the N-site case are developed.

This problem was originally treated)(by considering the

M obs

Mo

where the dependence &g, is implicit in the equation defin-

ing the chemical steady state: THEORY
Koy = % Ko, 5] Our physical picture of the development of the cyclic steac
BT Mg ® state will follow that of Ernst and Andersoi)( who consid-
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are satisfied. Then
Mss: MO - (MO - Ms§030)e7TR/T11 [12]

from which one obtains

Y MSS 1-— efTR/Tl
NTO = 1—e ®icosh” [13]

The observed magnetization following a pulse is therefore

X
FIG. 1. Magnetization vector diagram showing the sequence of events ) (1- e‘TR’Ti)sin 0
that occurs in setting up the periodic steady state under repetitive pulsing. M s = M SIN O = M, 1— e ™cosg " [14]

M, denotes the equilibrium magnetization of a specigs; denotes the

steady-state value of ttemagnetization of that species, afds the pulse

flip angle. In the case of two species undergoing exchange, Eq. |
must be replaced by the coupled systein (

ered an isolated spin system subjected to a long sequence of

alternating pulses and interpulse delays. Starting from a steady- dM, _ Mo = Ma

— KagMa + KeaMg [153]

state magnetization along theaxis of amplitudeM, the spins dt Tia

are subjected to ar-phase pulse of flip anglé (see Fig. 1). dMg Mgz — Mg

Immediately after the pulse, the magnetization vector has com- at = T + kagMa — kgaM3g [15b]
1B

ponents along both the and they-axes. In this treatment, we
are assuming that the time scal€lgfprocesses is short, so that )
the magnetization vector immediately becomes oriented aloRgd the steady state constraint

the z-axis with amplitudeM (cos6. Starting from this initial

condition, the vector then undergoes longitudinal relaxation KasMoa = KeaMgs. [16]
over the time TR, reaching a valueMf at the time of the next

phulse. Itis cllear. thdmgs - M& c()jnly Whehq TR> El' Note that This was the system analyzed in detail in previous w8H&|.
t.e magnetization observed during ,t IS stga y SM@"_'S Corresponding experiments on iarvitro system with two-site
given by thg trans_verse component immediately following th&changeé{) and arin vivosystem with three-site exchand (
pulse, that isM.sin 6'. . , were also presented.

More formally, during the interpulse delay of duration TR, We now describe the analysis for a gendiasite exchange
the z-component of the magnetization evolves according to ﬂﬁ%twork composed of exchanging spe@es € (1 N)
Bloch equation with pseudo-unimolecular rate constaktss; referring to the

reaction from specieS; to speciesS;.
dl" _ Mo — M [8] The Bloch—McConnell equations describing the system a
dMS MOS - MS
dt = Tls - E kssMs + E kSSMSH [17]

j#i j#i

with the solution

M(t) = Mg — (Mo — M(t = 0))e™"™ [9]
which may be conveniently written in matrix form as
Once the steady state as defined above has been established,
the relationships dM
gt AM + C, [18]
M(t = 0) = M,coso [10]

and where

M(TR) = M [11] M = (Mg, Mg, ..., Mg), [19]
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1
_ 4 k A
( Tis, j§1 Sﬁ) Ksss, Ksis:
k Lk K
A= s T, 5 S [20]
Kk k (1 + 2k )
SiSv SoSw T SYS
Tisy %N
and the vector of saturation factors may be written
MOS;[ MOSQ MOSN> (Mob% Mob& Mob&) )
= , . 21 SF= , =M,Msind [29
(Tlsl Tis, LETS [21] Mos, * Mos, Mos, 0 S 29

Note that the vector components here and in the following reféd the magnetization actually experimentally observed is
to the chemical species under consideration and not to spatial

dimensions. We are assuming rapid transverse relaxation, so M ops = MoSF. [30]
that all magnetizations are directed along #haxis.

The solution to this SyStem of linear differential equations The equations deﬁning a System in chemical Steady state

may be found readily to be considered here take the form
M(t) = e*(M(t=0) + A"IC) — A~'C, [22] > KssMos = > kgsMos [31]
j#i j#i

whereM (t = 0) is the initial condition. To calculate the
steady-state magnetization we use the fact that for each specieS;. With the constraints imposed by Eq. [31],
a direct calculation shows that
M(t = 0) = M. £os6 [23]
AM 0= _Cl [32]

and
so that

M(TR) = M [24] A-IC = —M [33]

in the cyclic steady state, where o
Eq. [33] may be used to simplify Egs. [26] and [29] unde

steady-state conditions, leading to an expression analogous

Mss: (MSSS! MssSa ey Mss&)- [25] Eq [1]
Then SF= Ml — e"™cosh) (1 — eAT)Msin 0. [34]
M= (I — cosfe”™®) ~(e"™ — NA™'C, [26] The fact thatM,* does not commute through the rest of the

expression to act oMl , results in the dependence®FonM .

wherel is theN X N identity matrix. Defining
SIMULATION RESULTS
Mo = (Maos, Mo - -, Mos,) [27] Equation [34] for three exchanging species labeled A, B, ar
C was simulated in the Mathematica (Wolfram Research, Inc
and Champaign, IL) programming language. Equation [31] as wri
ten for three species provides two independent constraints,
My = IMy, [28] four of the six rate constants may be specified independent
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TABLE 1
Pseudo-Unimolecular Reaction Rate Constants for the Three
Exchange Networks Discussed in the Text

Kae = Kea Kec = Kes kea = Kac
No exchange 0s 0s* 0s*
Two site 1s?* 0s* 0s*
Three site linear 18 1st 0s*
Three site cyclic 1s 1st 1st

SPENCER AND FISHBEIN

SFs andT!g depend on TR6, and all of the system’s chemical
parameters. In contrask,s is an intrinsic property of species
Si.. IngeneralTis = T,g only if there is no chemical exchange
involving speciesS,. Figure 4 shows the departure Bf from
the true value oT, for the three species, A, B, and C, under th
four different exchange networks considered, for a flip angle
30°. Figure 5 shows the corresponding results for a flip ang
of 90°.

It is clear that in the limit TR— 0, the correctT,’s are
obtained; this will be discussed later more fully. However
when this condition is not satisfied, the measured values of t

|nput parameters deﬁning the pu|se sequence and the unde?R,jn—lattice relaxation times are very different from the tru

ing chemical characteristics of the system are

{MOA! MOB! MOC! TlA! TlB! TlC! kABv kBAv kACv kCA; TRy 6}

systemT,’s. The degree of overestimate or underestima
depends upon the system parameters, but in general incree
as TR increases. Figure 4 shows that a true value,pf= 5 s
will be underestimated by negri3 s in thecase of cyclic
three-site exchange with the parameters as given. Compare

Values for these system input parameters were selectedPgscentage errors occur for species B and C. The results shc
illustrate the main results of the simulation without unnece#r species B demonstrate that either overestimates or und

sary complexity. In all cases we usbty, = My = Mo = 1,

and T,, = 5, T;g = 3, T, = 1. Values for the pseudo 0.5+
first-order reaction rates we used for each of the four possible g 44
exchange topologies are given in Table 1. Extensive numerical ]
simulations confirm that the quantitative results to be described cug’
below are qualitatively similar to results obtained with other i
typical sets of input parameters. 0.1+
oo T T T T 1

Saturation Factors in the Presence of Chemical Exchange 0 2 4TR (550) 6 8 10

Figure 2 shows the saturation factors of species A, B,and C  g5- e _
u_nder the four diff_erent exchange networks cor_lsidered fora 4, /.ij_if---'-: """"""
flip angle of 30°. Figure 3 shows the corresponding results for 7
a flip angle of 90°. The SF’s are clearly sensitive to the details ,* 0.37 /
of the exchange network and the pulse parameters, although” 02 §
many of the qualitative features of the behavior of SF's as a 0.1
function of TR are independent of flip angle. For example, the 4,
curves all have a positive but decreasing slope across the full 0 2 4 6 8 10
range of TR, and at both very short and very long TR the SF's
approach values given by the Ernst formula, Eq. [1]. 0.5-

Saturation factors are not of independent interest but are 4 |
used to derivel;'s and concentrations. The errors that result
from interpreting SF data in accordance with Eq. [1] are now .
demonstrated. @ 024 —— Emst_

--------- wo Site Exchange
0.14 - - - Three Site Linear Exchange
Apparent T's in the Presence of Chemical Exchange 0.0 , __"Thre? = CyC“C,EXChange , |
0 2 4 6 8 10

For the saturation factor Fof a speciesS, in chemical
exchange, measured at a specific interpulse delay TR, Eq.

yields an apparent value for the spin—lattice relaxation timg,

’1$i 1 Of

o -TR 35
Sk, — sin6 ) [35]

1S —
Nl e
SFscosf — siné

TR (sec)

1 _ _

IG. 2. Saturation factors for species A, B, and C under the four types
change networks possible in a three-site system, including that withc
exchange. Results are shown for a flip angle of 30°. Other parameters use
the simulation ardMgy = Mgz = Moc = 1, T1a =5, Tig = 3, T, = 1, and
pseudo-unimolecular reaction rates as given in Table 1. Without loss
generality, the two-site network is defined as exchange between species A
B. Therefore the two-site exchange results and the nonexchanging (Er
formula) results are identical for SF
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1.0  —— species in a cyclic exchange network. Table 3 tabulates t
0.84 T data for specific error bounds. It is clear that evenéfer 90°,
0.6 ,,,;’-"/ the requirements for short TR are very stringent. Asip-
U;’ ' [ proaches 150°, the minimum required TR exceeds 100 ms
04 1 all cases for 5% accuracy. This is possible to achieve in ma
0.2 in vivo systems, although it potentially requires the incorpore
0.0 : : : : . tion of homospoil pulses in the one-pulse sequence in order

avoid the effects of residual transverse magnetizatin (

An interesting feature of the asymptotic results for FRe
is shown in Fig. 7. For species which are connected by e
change processes), = Tz = Tic in the limit TR — oo,
Comparable results for the two-site exchange network we
shown in our previous studie8+5. The rate at which the
apparent spin—lattice relaxation times approach each other &

2.5+
20 e memima—— e T =TT
1.0 0 ﬂ,— T
© 1.54.7-"
0.8+ ~ /
-0 \8 1.0
0.6 RO =
N L 0.5
D 0.4 A —— Emst
R B Two Site Exchange 0.0 T , T T .
024 .= - - - Three Site Linear Exchange
B — - - - Three Site Cyclic Exchange 0 2 4 TR (sec) 6 8 10
00 T T T T 1
0 2 4 6 8 10 4.0
TR (sec) P
. . _— 3'0_:
FIG. 3. Same as Fig. 2, only for a flip angle of 90°. 8 N e .
B oopd T T T T T s e e
.o
. . . . . F 104
estimates of the spin—lattice relaxation time may occur, de- '
pending upon the system parameters. Comparing Figs. 4 and 5, 0.0 : , : : ,
it is clear that errors of comparable magnitude can occur for 0 2 4 6 8 10
both flip angles. It is also evident that the TR must be made TR (sec)
very small in both cases in order to ensure accuracy, although 5-0—;
this restriction is somewhat less stringent with a larger flip 4.0-{(‘ ..........
angle. Nevertheless, even for that larger flip angle, a TR as g 30_:\\
short as, for example, 0.5 s, is still not sufficiently short to = 20 VT T TTITToee e
avoid significant error. _ _ =5 == Two Site Exchange
The strictness of the requirement for TR 0 to obtain 1.04 77 Jhree Stte ggggg;gﬁ:ggg
accurate results depends upon the system parameters, including 0.0 : = = : :
the nature of the exchange network. Table 2 shows the maxi- 0 2 4 6 8 10

mum TR that can be used to achieEvemeasurements accurate TR (sec)

to within 5 and 10% fo¥ = 90°. Results are presented for each FIG. 4. Apparent spin-lattice relaxation times as a function of TR fo
of the three networks under consideration here. It is clear th®ecies A, B, and C under the three types of networks with chemical exchar
the upper limit on TR depends on the particular resonan&’@iCh are possible in a three-site system. is calculated from Eq. [35],

. . neglecting the effects of chemical exchange. Results are shown for a flip an
under consideration. The accuracy of all thiegs can be 5" e parameters used in the simulationMgg — Mo, — Moc — 1,

ensured by U_Sing the minimum of the appropriate three valugg = 5, 1., = 3, T,c = 1, and pseudo-unimolecular reaction rates as give

of TR for a given set of parameters. in Table 1. Results are not shown for the nonexchanging system, for which 1
It is clear that the required upper bounds on TR are ratheinst formula, Eq. [1], is valid, sinc&; = T, for all TR and for each species

stringent. However, as indicated above, the strictness of tﬁéhat case. The two-site network is defined as exchange between specie

L and B. Therefore, species C does not undergo exchange in that caséand
limit TR — O can be somewhat relaxed by use of a Iarger ﬂIQ Ty for all TR. Itis clear that for all three speci€B, = T, only in the limit

angle. This is shown in Fig. 6, in which; as a function of TR 1R — 0. Otherwise, errors of 50% or more may occur. Deviation&'ofrom
is shown for a wide range of flip angles for each of the threr are indicative of the presence of chemical exchange.
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(sec)
-
[9)]

1
N
\\
v

TR (sec 0.0 0.2 0.4 0.6 0.8 1.0
(sec) TR (sec)

o -

% e N
<204 T TT oo imirmeree— e
I Two Site Exchange

1.0+ - - - Three Site Linear Exchange

— - - - Three Site Cyclic Exchange
0.0 T T T T 1 0.0 T . . . —_
0 2 4 6 8 10 0.0 0.2 0.4 0.6 0.8 1.0
TR (sec) TR (sec)

FIG. 5. Same as Fig. 4, only for a flip angle of 90°. By comparing Figs. F|G.6. Apparent spin-lattice relaxation timeE,, as a function of TR for
4 and 5, itis clear that significant departures frofn= T, occur at somewhat species A, B, and C undergoing three-site cyclic exchange. Results are shc
larger values of TR for the larger flip angle. for flip angles ranging between 10 and 170%.is calculated from Eq. [35].
System parameters aMg, = Mg = Moc = 1, Tjp = 5, Tig = 3, Ty =
1, and pseudo-unimolecular reaction rates as given in Table 1. It is clear tl
function of TR depends upon the specific system parametépg_apparent spin—lattice relaxation times equal the correct value only in t

In practical terms, the large TR limit is of little interest sinc mit TR = 0. For small flip angles, large errors occur even for extremely sma
R. In fact, it is essentially impossible to perform accuréteneasurements

the dynamic. range of . progressive saturation measuremefign small flip angles are used. However, if large flip angles are used, accur
decreases with increasing TR. results may be obtained with values of TR which are more realistic.
It should be noted that progressive saturation experiments

designed to measurk,’s typically use a sequence of several

TR’s, {TR;}, for which the data seM{(6, TR)) is fit to Eq.

[1], rather than a comparison of equilibrium magnetization t
observed magnetization for a single TR. This procedure do
not address the fact that Eq. [1] is an incomplete description
the system. It can be shown numerically that this fitting prc
TR ()  TRu(S) TRuu(s)  Relative error cedure results in errors that are of the same order as the

TABLE 2
Upper Limits on TR for Accurate Measurement of Ty,, T,s, and
T, for the Three Exchange Networks Discussed in the Text

for Tia for Tys for Tyc bound (%) shown in Figs. 4 and 5.
Two site 0.099 0.28 Any 5 SNR Consequences of Accuracy inMeasurements
0.22 0.66 Any 10 ) . ) ) )
Three site linear 0.086 0.072 0.15 5 As discussed, it is a near-universal practice to pulse with T
0.14 0.17 0.30 10 = T, in order to increase the SNR per unit time. However, Fig
Three site cyclic 0.023 0.072 0.068 5 6 and Table 3 show that only restricted choice®aind TR
0.050 0.17 0.13 10

result in accurate measurementTof. Unfortunately, this re-
Note.A flip angle of 6 = 90° is assumed throughout. For example, in orde?ur{S in a severe penalty in S_NR' To show this, we make use

that the measurement f,, be accurate to within 5% in the two-site exchangdWO results that follow readily from the Ernst and Andersol

network, TR< 0.099 s must be used. analysis of partial resonance saturation and from the gene
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TABLE 3 [37]. However, this parameter choice, which maximize

Upper Limits on TR for Accurate Measurement of T;, Tz, and  SNR, provides a convenient reference point for SNR con
Ty for the Three-Site Cyclic Exchange System Discussed in the parisons.

Text Table 4 shows relative SNR for the three resonances f
TR (5) TRow (5) TR (5) Relative error three cho_|ceS of pulse parameters, as |n_d|cated. It is clegr tl
0 for Ty, for T for Tye bound (%)  the SNRis reduced by an order of magnitude for a selection
pulse parameters which permits accurate measureméntsof
10° 0.0002 0.0005 0.0005 5 Thus, high SNR and accuralg measurements using progres:
0.0004 0.0015 0.0011 10 sive saturation are mutually exclusive goals.
30° 0.0017 0.0054 0.0052 5
0.0037 0.014 0.11 10 ; ; -
45 0.0041 0.012 0.012 5 Apparent Resonance Amplitudes in the Presence of Chemi
0.0090 0.033 0.026 10 Exchange
60 g'gfgg g'ggi g'ggg 12 The errors in measuring equilibrium magnetization ratio
90° 0023 0.072 0068 5 that result from the use of Eq. [1] for systems with complicate
0.050 0.17 0.13 10 exchange networks will now be presented.
120° 0.062 0.16 0.15 5 Assume that the valuM ,(TR) is experimentally observed
- %%)298 g-gi 8-;8 12 in a one-pulse experiment. Then the apparent equilibriu
018 0.39 0.32 10 magnetization for species M g,, derived using Eq. [2] is
150° 0.13 0.26 0.24 5
0.22 0.44 0.37 10 M MA(TR) 38
170° 017 0.30 0.28 5 on = SEEMS(TR) * [38]
0.26 0.48 0.41 10

Note. For example, in order that the measurementrof be accurate to Where SE™{(TR) denotes the SF derived for species A usin
within 5% when a flip angle of = 10° is used, a TR< 0.0002 s must be used. the Ernst expression, Eq. [1]. In addition, by definition, the tru
equilibrium magnetization for species M,, satisfies

definition of saturation factors. For a given observed SF and a
fixed experimental time,

SNR = SF/\TR. [36]
°]
In addition, for a given TR, the flip anglé: at which maxi-
mum SNR is obtained for a resonance with spin—lattice relax-
ation timeT, is given by

— Species A
- Species B
--- Species C

cosfe = e TRM, [37] sl
8 |

The flip angle defined by Eq. [37] maximizes SNR per unitfnj
time only for systems with negligible chemical exchange.”™ 24 I
However, because corresponding results incorporating
chemical exchange are exceedingly complicated, we will .
use Eq. [37] as an estimate of the flip angle resulting in 17
maximal SNR even for exchanging systems. The qualitative
conclusions to follow will not be affected by this approxi-
mation. In general, Eq. [37] can only be satisfied for one
component of a multiple-resonance spectrum, and many
approaches to the problem of jointly optimizing the SNR
of the various components are available. We will illustrate FIG. 7. Apparent spin—lattice relaxation timek;, as a function of TR for
the results for the simple approach of using a flip ang@ecies A, B, and C undergoing three-s_ite cyclic excham'g_;ds calculated

. . from Eg. [35]. Results are shown for a flip angle of 90°, with system paran
fe avgr that is, the average of thi corresponding to each of . Moo = Mo = Moe = 1, T = 5, Tis = 3. Tae = 1, and
the three resonances. Note that fby measurements 0ne pseudo-unimolecular reaction rates as given in Table 1. This illustrates the f
typically would not use a set of parameters defined by Etat in the limit TR— =, Tj, = Ty = Tie.

2 4 6 8 10
TR (sec)
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TABLE 4 tudes, one of which may correspond to an external standard
Signal-to-Noise Consequences of Selecting Parameters to Obtain  quantification purposes. Therefore, for practicality, we wil
Accurate Spin-Lattice Relaxation Times express further results in terms of resonance ratios. The -

dependence is indicated explicitly because we will plot resul

Parameter selection criteria .
as a function of TR.

Error < 10% TR=1s TR=2s The apparent magnetization ratio of species A and B is give
for all three Oeag = average  fgag = average by
T)'s of Ernst angles  of Ernst angles
’ Erns
Pulse parameters 6 = 150° 0 = 49° 6 = 63° Moa — Moa . SFA(TR)/SEL™(TR) . [41]
TR=022s TR=10s TR=20s Mtg Mg SR(TR)/SFE™(TR)
Tia (S) 451 2.35 2.28
T}B 8 i'gi i% iég Similar expressions pertain to the ratio of any two species.
ic . . . . . .
Relative SNR(A) 10 16.48 16.33 Figure 8 shows the departure of the apparent magnetizati
Relative SNR(B) 1.0 10.85 10.65
Relative SNR(C) 1.0 4.40 4.15
2.5
Note.System parameters are as given in the text for the three-site system
undergoing cyclic exchange. Column 1 pertains to a selection of TR 20_1-‘\

ensuring that measureb,,, Tis, andT,c are all within 10% of their true L

values when a flip angle of = 150° is used. This choice of flip angle |,
permits a reasonably long TR to be used. Column 2 shows results obtained.8 1.5
with TR = 1 s and a flip angle which is the average of the Ernst angles for 2 |

TR = 1 s for each species. Column 3 is similar to column 2, except with _ S

1.0

TR = 2 s. The apparent spin—lattice relaxation timgs, T's, and T, as =

defined in the text, are the results of using Eq. [35] to calculate from

observed resonance saturation factors. Relative SNR(A) is the SNR ob- 0.5+

tained for resonance A, correctly accounting for chemical exchange effects,

normalized to the value obtained using pulse parameters resulting in an

error in T, of less than 10%. Relative SNR(B) and relative SNR(C) have 0.0 0 é "1 é é 1'0

similar meanings. It is clear that choosing TR afdo thatT, measure-

ments are accurate to within 10% results in severe loss of SNR. For TR (sec)
example, the SNR for resonance A is a factor of 16.48 greater when
49° and TR= 1.0 s are used than whén= 150° and TR= 0.22 s are used.
However, the former choice leads to extremely inaccurate spin—lattice
relaxation time measurements, while the latter choice ensures that the : -
errors in these measurements due to chemical exchange effects will be less 1 4 _J T e
than 10%. 8
2
3
=
Therefore, 0.5+
--------- Two Site Exchange
Mi = o T {0 TSt e
0A SFEI’I‘IS?(TR) 0.0 I : : : :
0 2 4 6 8 10
Equation [40] shows that the apparent corrected equilibrium TR (sec)

magnetization for species A_ differs from itS_ true value. _Thus, FIG. 8. Apparent magnetization ratios as a function of TR for species A
the usual method of correcting magnetizations for partial sa&:and C under the three types of chemical exchange networks that are poss
uration leads to manifestly incorrect results in systems with a three-site systemMo./Moc and Moa/Mos, as defined in the text, are

chemical exchange Identical considerations hold for Specieg'l@arent magnetization ratios obtained by use of SF's derived from the Er
and C formalism. Results are shown for a flip angle of 30°. Other parameters usec

. _ . the simulation arélogn = Mgz = Moc =1, T;a =5,Tg = 3, T, = 1, and
As was also the case fdr;, we do not write out the explicit pseudo-unimolecular reaction rates as given in Table 1. With these paramet

functional dependence of tHdg’s, but note here that they the correct magnetization ratios are in all cases equal to unity. It is clear tl

depend on all of the pulse and chemical parameters of tigeall three species, the apparent magnetization ratios equal the correct ve

system. In generalylys = Mo only if there is no chemical only in the limits TR— 0 and TR— <. Otherw?se, errors of 50% or more are

h . Vi i seen to occur. Note that even though species C does not undergo chen
éxchange Involving SpecI&s. . . exchange in the two-site exchange network as defined here, ratios involv
Measurements of concentrations in NMR are frequently, _ are still in error for general TR due to the effect of exchange on speci

reported in terms of the ratio between two resonance amph-and B.
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2.5 _ are representative; the strictness of the requirement forIR
;- .‘\\ 0 depends upon all of the system parameters.
2.0 ," \\ As noted in Figs. 8 and 9, the required upper bounds on T
I‘ el N for accurate ratio measurements in the regime-+R are just
8154 7 Tl as stringent as fof; measurements, but can be relaxed by us
2 /// T SaaL e of a larger flip angle. This is shown more explicitly in Fig. 10,
\Eg B e in which the two independent magnetization ratios which ai
present in a three-component system are shown as a functior
054 TR for a wide range of flip angles for the model three-sit
cyclic exchange network. Table 6 tabulates the data for speci
0.0 error bounds. It is clear that fof > 150°, the minimum
"o 5 "t é 8 1'0 required TR exceeds 100 ms for both ratios to achieve accure
TR (sec) to within 5%. This TR is possible to achieve in mastvivo
15 ) systems.
/ /, """" _-_f:~ _ SNR Consequences of Accuracy in Resonance Amplitude
T T Measurements
g 107~ The tradeoff between accuracy and SNR can be examined
E( the same way as for thHe, measurement case, as illustrated i
\§° Table 7. However, one important difference is that for ampl
0.5+ tude measurements, both TR0 and TR— o lead to accurate
: values. This latter limit is shown in the last column of Table 7
--------- Two Site Exchange . .
--- Three Site Linear Exchange Note that according to Eq. [37], the optimal SNR for the FR
00 — - - - Three Site Cyclic Exchange o limit is achieved with a flip angle ofz = 90°. Clearly, use
"0 5 4 H 8 10 of along TR results in a superior combination of accuracy ar
TR (sec) SNR than does use of a short TR.

FIG. 9. Same as Fig. 8, but with a flip angle of 90°. By comparing Figs.
8 and 9, it is clear that the restriction on the maximum TR which leads to ANALYSIS OF THE N-SITE NETWORK
accurate measurements in the small TR regime is less stringent for karger
However, the apparent magnetization ratios converge to the correct value€Explicit numerical results foN > 3 sites may be obtained
more rapidly for the smaller flip angle as TR . in particular cases by a direct generalization of the metho
outlined above, using either known chemical parameters
results based on reasonable guesses for the parameters. F
ever, treatment of the general case provides useful results t
ﬁl&)ply to circumstances in which the number of exchangir
tes, their relaxation times, concentrations, and reaction rai

ratios, Mp/Mgs and My /My, from the true valuesMg,/
Mg = 1 andMy /M,y = 1, for the different exchange net-
works considered and a flip angle of 30°. Figure 9 shows t
corresponding results for a flip angle of 90°. Again, it is clea?
that, while the sign and the magnitude of the errors depend
upon the details of the system, the apparent magnetization
ratios can be very different from the correct ratios for reason-
able values of TR. It is readily _se_en that, unlike the cas_é'ipr Moa/Moc and Mga/Mys for the Exchange Networks Discussed in
measurements, not only the limit TR 0 but also the limit the Text

TR — o0 yields the correct ratios. For each of the two ratios and
regardless of the exchange network, the accuracy of the mea- TRuax (S) TR (S) Relative error
surement in the limit TR— 0 is improved for larges, while for Moa/Moc for Moa/Mos bound (%)
in the limit TR — o2 it is improved for smallf.

TABLE 5
Upper Limits on TR for Accurate Measurement of the Ratios

Table 5 shows the maximum TR in the limit TR 0 that '"° Si® (?'4107 8';2 1‘3
can be use_d 'Fo achieve magnetization ratio measurements@¢se site linear 0074 0.83 5
curate to within 5 and 10% fo# = 90°. Results are presented 0.14 1.10 10
for each of the three exchange networks considered here. ITgee site cyclic 0.016 0.034 5
clear that the upper limit on TR depends on the particular ratio 0.033 0.075 10

under consideration. The accuracy of both ratios can be enl-\lote.AfIip angle of @ = 90° is assumed throughout. For example, in orde

sured by using the minimum of the two appropriate Yalues @fat the measurement o ,./M,c be accurate to within 5% in the two-site
TR for a given set of parameters. The results shown in Tablefxhange network, TR: 0.17 s must be used.
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This result follows directly from Eq. [34]. Intuitively, it is
accounted for by the fact that for rapid pulsing significan
relaxation does not occur between pulses. The same limitil
behavior occurs in the absence of chemical exchange.

Property 2. For a speciesS, within any type of N-site
exchange network,

M IOA/ M IOC

lim SK(TR) = sin 6. [44]
TR—»
0.5

This result follows directly from Egs. [34] and [42], and is
the same limiting behavior as in the case of no exchang
Intuitively, for long TR, complete longitudinal relaxation oc-
curs to equilibrium; the approach to equilibrium, no matte
how complex, does not affect the observations. According |
Properties 1 and 2, in the limits TR 0 and TR— <« chemical
exchange does not change the values of saturation factors. T
is illustrated for the three-site case in Figs. 2 and 3.

Property 3. If Ty, = Ty, = ... = Ty, = Ty, then

Oo T T T I 1
0.0 0.2 0.4 0.6 0.8 1.0

M IOA/ M IOB

0.5 SE(TR) — (1 - e ™Msing
s(TR) = (1 — e ™Mcosh)

[45]

— 09=10° o 0=30° -coee- 0 =45°
----- 0=60° -8=90° -.---0=120°
0.0 — o1 — o= 150{ i :70 . for all speciesS and for all TR andb. _

0.0 0.2 0.4 0.6 0.8 1.0 Physically, this is because spin relaxation proceeds at t
TR (sec) same rate regardless of which species in the exchange netw

A nucleus is located within. This can be proved by dire

FIG. 10. Apparent magnetization ratios as a function of TR for species
B, and C for the three-site cyclic exchange netwd,,/M;c andM (/M g,
as defined in the text, are apparent magnetization ratios obtained by use of SF's
derived from the Ernst formalism. Results are shown for flip angles ranging TABLE 6

between 10 and 170°. Other parameters used in the simulatidare Mg Upper Limits on TR for Accurate Measurement of the Ratios

= Moc = 1, Tin = 5, Tis = 3, Tic = 1 and pseudo-unimolecular reactionng /M. and Mga/M,g for the Three-Site Cyclic Exchange Net-
rates as given in Table 1. Itis clear that for all three species, the apparent rafos i Discussed in the Text

equal the correct value only in the limits TR 0 and TR— <. In the small
TR regime for small flip angles, large departures from the correct ratio occur

o . . . TRmax (S) TRpax (S) Relative error
even for extremely small TR. In fact, it is essentially impossible to perform o
. X i ; 0 Moa/Mgc Moa/M g bound (%)
accurate experiments in the small TR regime when small flip angles are used
If Ilarge ﬂlip angleiare usltled, then _accurate results may be obtained with Iongﬂr]0 0.00012 0.00027 5
values of TR in the small TR regime. 0.00026 0.00060 10
30° 0.0011 0.0025 5
are not all known. Accordingly, we note some of the main 0.0024 0.0057 10
properties of the general solution. We will make use of the fact> 0-0028 0.0061 >
p 9 ' 0.0058 0.014 10
that 60° 0.0055 0.012 5
0.010 0.026 10
lim eATR=0 [42] 90° 0.016 0.034 5
TR0 0.033 0.075 10
120° 0.045 0.090 5
. . 0.085 0.17 10
Wh.ereO is theN X N zero matrix. . 135° 0.073 0.14 5
This follows from the fact that all eigenvalues Afare nega- 0.13 0.24 10
tive, by the Gerschgorin circle theorem)( 150° 0.10 0.18 5
Property 1. For a speciesS within any type ofN-site _ - %11?1 g'gg 13
exchange network, 0.20 0.33 10
lim SFS(TR) =0. [43] Note.For example, in order that the measuremenitlgf/ M, be accurate to

TR—0 within 5% when a flip angle of = 10° is used, TR< 0.00012 s must be used.
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TABLE 7
Signal-to-Noise Consequences of Selecting Parameters to Obtain Accurate Magnetization Ratio Measurements

Parameter selection criteria

Error < 10% TR=1s TR=2s

for Moa/Mgc Oeavg = average Ocag = average TR = 5X

andMga/M g of Ernst angles of Ernst angles longestT,
Pulse parameters 6 = 150° 0 = 49° 0 = 63° 0 = 90°

TR =0.16s TR=10s TR=20s TR=25s
Moa/Mbe 1.09 1.86 1.14 1.01
M /MG 1.04 1.33 1.79 1.01
Relative SNR(A) 1.0 20.07 19.89 8.76
Relative SNR(B) 1.0 12.90 12.66 5.48
Relative SNR(C) 1.0 5.05 4.76 1.93

Note.System parameters are as given in the text for the three-site system undergoing cyclic exchange. Column 1 pertains to a selection of TR
that measuredoa/M,c andMoa/Mgs are both within 10% of their true values when a flip anglefof 150° is used. This choice of flip angle permits
a reasonably long TR to be used. Column 2 shows results obtained with TR and a flip angle which is the average of the Ernst angles for the thr
species for this TR. Column 3 is similar to column 2, except with FR s. Column 4 shows results for a very long TR aheF 90°, which ensures
correct ratio measurementel.;n/ Mo andM;a/M s are defined in the text as the apparent magnetization ratios, obtained by use of SF’s derived fror
Ernst formalism. Relative SNR(A) is the SNR obtained for resonance A using the formalism presented here, correctly incorporating chemical ex
normalized to the value obtained using pulse parameters resulting in an erdt086. Relative SNR(B) and relative SNR(C) have similar meanings
It is clear that choice of TR sufficiently small or sufficiently long that magnetization ratio measurements are accurate to within 10% resultslasseve
of SNR. For example, the SNR for resonance A is a factor of 20.07 greater &vhe#9° and TR= 1.0 s are used than wheéh= 150° and TR= 0.16 s
are used. However, the former choice leads to extremely inaccurate ratio measurements, while the latter choice ensures that the errors imtbetses
due to chemical exchange effects will be less than 10%. Use of a long TROwiti90° permits accurate ratio measurements with less of a SNR per ul
experimental time penalty than use of short TR.

calculation for the two-site case and confirmed by simulatiotstive case in the preceding section, it is clear that use of a lar

for larger networks. flip angle, on the order of 150°, may be required in order th:
Property 4. If Tys, = Tys, = -+ = Ty, = Ty, then the rapid pulsing condition is satisfied with values of TF
sufficiently long to allow for data acquisition and the possibl
P [46] application of a homospoil pulse (see below).
Property 6. For N species §} within any type of ex-
for all speciesS; and for all TR andd. change network,
This follows directly from Property 3 and Eq. [35].
Property 5. For a speciesS within any type of N-site lim Tis, = lim Ti, == lim T, [48]
exchange network, TR TR TR
lim Tis=T 47 Lo
T:{TO s s [471 The limit is independent of, but depends upon tHE,’s. For
a given exchange network, the limit is independent of th
for any 6. values of pseudo-unimolecular rate constants, assuming tt

This follows after some calculation from Property 1 and th@'® nonzero, although the rate of convergence to the limit do
application of 1'Hospital’s rule to the explicit form aF,(S,) depend upon the rate constants. Of course if any _rate cgnste
given by Egs. [34] and [35]. Again, for rapid pulsing, signifi-&re Z€ro, the exghqnge networ.k becqmes quallte}tl\{ely differe
cant chemical exchange does not occur between pulses; Eqd1§ @ different I|.rp|t|.ng value is .obtlauned. Th_e limit also de:
is valid in that limit even with chemical exchange present. [A€Nds upon equilibrium magnetizations, but if these magne
practical terms this means thit's can be determined by useZations are varied in such a way that all of tdes/Mos, are
of progressive saturation as long as the condition-Fr0 is Unaltered, then the limit is unchanged.
approached to a sufficient degree. The required limits on TRThis property has been resistant to direct proof but has be
cannot be known with precision without a simulation basegPnfirmed numerically for a wide range of exchange networl
upon knowledge of the system’s chemical parameters, whigRd chemical parameters.
are the goal of the experiment and hence obviously unavailabld’roperty 7. For a speciesS, within any N-site exchange
in general. From the numerical results obtained for a represetwork, define SE™(TR), SK(TR), and
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Ms(TR) MosSFs(TR) due to repetitive pulsing. The formalism developed in the
Mos = SFE™(TR) = SFE™S(TR) [49] paper was b_ased on the Bloch equati(_)ns_for an isolated sg
The application of NMR spectroscopy iio vivo samples was
still on the distant horizon, so that the need for incorporatin
chemical exchange into the analysis of the repetitive pulsir
experiment by use of the Bloch—McConnell equations was n
evident.

Subsequent to the publication of the Ernst and Anders
analysis of the one-pulse experiment, NMR spectroscopy h
This follows from application of I'Hospital's rule to Eq. beco_me an important tool for the gnalysmafvwoandm VIvo

physiologic systems. In all of this work (for references, se
[49]. : S .
Ref. 5), partial saturation in a one-pulse experiment has be

CoroLLARY TO PROPERTY7. For any two specieS andS;, accounted for by use of Egs. [1] and [2] in order to determin

spin—lattice relaxation times and to obtain chemical concentr

Mis(TR)  Mgs tions. However, while exchange effects have been analyz

im s = [51] and accounted for in many of the experiments used in phy:
tro Mog(TR) ~ Mo . . ; )
ologic NMR studies, such as the various forms of saturatic

transfer 8—14) and inversion recoverylg, 16, the necessity

This follows immediately from Property 7. The importancgy reanalyzing the ubiquitous one-pulse experiment to accot
of this corollary is that quantification is typically performed, exchange was recognized only somewhat laBgr (
through measurement of magnetization ratios. Thus, as stated
earlier for the three-site case, it is true in general that concefpmparison of the Transient and Steady-State Analysis of
tration ratios calculated using the Ernst formula, Eq. [1], ap- multiple-Site Exchange
proach the actual ratios for short TR.

Property 8. With the same definitions as in the precedin%
property,

in analogy to Egs. [38] and [40].
Then

TR—0

A recent publicationX7) provided an elegant description of
e approach to equilibrium of ax-site exchanging system as
described by Eq. [18]. It was found that the solution trajector
exhibited damped oscillations in the general case. In contra
when detailed balance is satisfied, the approach to equilibrit
could be described by a multiexponential approach to equilil

This follows immediately from Property 2. Note that onéi”m magnetizations. While this description of the transier

implication of this is that equilibrium magnetizations can ipehavior of the spin system is of theoretical interest, it is rath
general be measured accurately by using a long TR aIti.mited in terms of applicability to the design and interpretatiol
9 = 90° of actual NMR experiments. In contrast, in the present work w

have examined the cyclic steady state of khsite exchange
CoroLLARY TO PropPERTY8.  FoOr any two specie§, andS;, network; it is precisely this steady state which is actuall
observed in virtually all one-pulse experiments ionvivo

Mos(TR)  Mgg 53] systems or other systems exhibiting exchange.

TR—»

im == .
o Mog(TR) - M o .
" o s Problems Arising in Short TR Experiments

This follows immediately from Property 8 and shows that The significance of the results described herein for specif
quantification of magnetization ratios may be accurately peapplications depends entirely upon the extent to which tf
formed by the use of long TR experiments. Indeed, based a#dition of chemical exchange to the formalism affects th
the numerical results shown in Table 7, there is a clear SNRtual calculated values of spin—lattice relaxation times at
advantage to implementing ratio measurements in the long TiRgnetizations. In previous worlB<{5 we showed theoreti-

limit rather than the short TR limit. cally and in bothin vitro and inin vivo experiments that the
errors that result from neglecting exchange in typical systen
DISCUSSION can be very large. An important corollary for practical appli

cations was the demonstration that the Ernst formula, Eq. [

The pioneering paper by Ernst and Anderson in 1986 (remains valid for exchanging systems when the interpul:

formally analyzed the improvements in signal-to-noise that caelay time is sufficiently small. Hence, under rapid pulsin

result from the use of pulsed Fourier transform NMR ratheonditions, estimates of spin—lattice relaxation times and cc

than continuous-wave NMR. Part of the analysis treated whattions for partial saturation based on Eqs. [1] and [2] may |
has come to be known as partial saturation of a resonance lawgrectly obtained.
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The minimum TR which can be used is constrained by thgpplication of the N-Site Analysis to the Determination of
data acquisition period and therefore by the spectral resolutiorSpin—Lattice Relaxation Times

required. A further practical difficulty is that when the fast . . .
ulsing condition is satisfied, one typically has ®RT,. This As noted above, the typical progressive saturation expe
P ' 2 ment involves measurement of SF(JRor a set of predeter-

leads to transverse magnetization interference effects that aré . "
g mjned TR’s with constantd and then fitting the results to Eq.

E;\gzlaiCt;Splrr(])pl)Er?étE]r.e\gmeuIt:tiejrf iffﬁés g:gglé)r?] Ir}f(i);p%rj; to determineT,. However, we have demonstrated that th
' F’'s are not merely functions of TR ar® but rather of all

simpler in practice to modify the one-pulse sequence so tha Srameters describing the chemical system. It is clearly n
homospoil pulse is placed after each signal acquisition periBg 9 y ’ y

(4. 5). Note that the time required to execute this homosp rﬁalistic to attempt to fit the progressive saturation data to tl
T (?ull analytic form of the results; the signal-to-noise ratio re

pulse will place a further constraint on the minimum practica- . ) . . -
ble TR. quired for such_a mult|p_ar:_;1meter fit to be _njeanlngful simpl
cannot be obtained. This issue was specifically addressed
earlier work @) for the case of two-site exchange, in which ¢
result corresponding to Property 5 of the present work we
described. Here, we have extended this toNhsite case and
A serious limitation of our previous analysis of the one-pulsfieund that, regardless of the exchange network involved, rar
experiment in the presence of chemical exchange was that flidsing with a suitably large flip angle permits the Erns
formalism only accounted for exchange between two sitdermula to be correctly applied to one-pulse data. TAuss
However, metabolites in typical physiologic systems may stan still be obtained rigorously in a relatively simple fashion
multaneously participate in three or more reactions. Accorfut only if rapid pulsing and a large flip angle are used, wit
ingly, a full treatment of the three-site mutual exchange walse constraints on TR an@lbeing set with reference to simu-
undertaken in the present paper. A more general mathematiatibn results comparable to those presented in Table 3.
approach was taken than in our earlier wak permitting the Relaxing the short TR constraint leads to the dependence
results to be expressed compactly for arbitrarily comphdx ( T!, as defined in Eq. [35], on TR. In fact, this dependence m:
site) exchange networks. The simulation results clearly deime taken as the signature of a species which is undergoin
onstrate the fact that the addition of a third site can markedjgnificant amount of exchange. This was previously demo

Significance of the Extension of the Formalism from Two
Sites to Three and N Sites

change estimates df,’s and chemical concentrations. strated experimentally usingP NMR spectroscopy of the rat
gastrocnemius muscl&); Variation of T} as a function of TR

Application of the N-Site Analysis to the Empirical was found for the phosphorus nucleus of phosphocreatine z

Determination of Saturation Factors for [y-*'P]ATP, which are undergoing rapid exchange via th

, I L creatine kinase reaction, but not fer-f'P]JATP, which under-
Corrections of apparent equilibrium magnetizations for par-

tial saturation are most often carried out without explicﬁoes only minimal exchange in this system.
knowledge ofT,’s. At a given experimental period (Period 1,A

say), nonsaturated magnetization is measured in a one-pulgg
experiment by use of a long TR. A short TR experiment is then

performed immediately with the sandestill during Period 1,  As shown here, there are two ways to obtain the corre
and the SF is calculated based on the results of these teguilibrium magnetizations. First, a procedure making use
measurements in accordance with Eq. [2]. At a subsequent timapid pulsing may be employed, as was also the casé for
(during Period 2, say), e.g., after an intervention such dsterminations. A long TR experiment followed by an expel
altering substrate availability or changing temperature, furthienent with suitably short TR and largeé based on estimates
data are obtained with the short value of TR, since this results the chemical parameters of the system under investigatic
in greater SNR per unit time than if a long TR is used. The Sie performed during Period 1. To ensure that TR is suff
determined during Period 1 is then used to correct the daiently small and thaé is sufficiently large, reference must be
obtained during Period 2 for partial saturation. An implicit butnade to simulation results comparable to those presented
generally reasonable assumption in this procedure is that teble 6. The ratio of the observed magnetizations, that is, t
T,’s do not change throughout the course of the experimentsHturation factor, is then given by Eq. [1]; in particular, the
is important to note, however, that the results presented heeguration factor is independent of any of the syskg's and

show that such a correction scheme is entirely invalid in thés. During Period 2, data are taken with the same short TR al
presence of chemical exchange and may lead to large erfargie 6 and corrected for rapid pulsing using the previousl
unless all of the systemMl,’s andk’s, in addition to theT,’s determined saturation factor in accordance with Property 7. /
are unchanged. That is, this naive but universally appliedternative procedure makes use of Property 8; TR must |
correction scheme is valid only when nothing happens to tkafficiently long that essentially full relaxation to equilibrium
sample. occurs between pulses. Using this approach, there is no nee

lication of the N-Site Analysis to the Determination of
agnetizations
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explicitly measure saturation factors. Of course, the suboptimalinterpretable in simple terms. Such changes may be due
SNR resulting from this time-consuming process is precisetyranges in true spin—lattice relaxation timeshMy's of any
what one wishes to avoid by the usual method of pulsing fair§pecies in the exchange network or to changes in reaction rai
rapidly and then using saturation factors to correct for partial

saturation of resonances. Unfortunately, however, to av
systematic errors associated with chemical exchange, long

experiments or else extremely short TR experiments are NOWsinally, we note that the above considerations are als

seento be a requirement. While the SNR ratio which reSUltSr‘aevant to MRI data ana'ysis_ An expression related to Eq []
severely degraded (cf., Table 7) in either case, it appears that

the penalty is significantly less for long TR experiments.

0,é?g{plicability of the Formalism to NMR Imaging Experiments

Mepd TR, TE) = C- (1L — e ™M) . g TEM, [55]
Dependence of Apparent Spin—Lattice Relaxation Times and
Magnetizations on System Parameters
Our previous general analysis of the two-site exchangilﬁa pears frequently in the MRI literature as a description

system B8) also presented simulation results for saturatian 29° intensity in spin-echo imaging. Here, TR is the tim

. L . . {Hterval between successive applications of an imaging s
factors and errors in magnetization ratios due to assuming

e
validity of the Ernst relation, Eq. [1]. Results were displayed

Huence, TE is a spin-echo time,,,{ TR, TE) is the observed
. : , agnetization in an imaging pixel, and is a constant of
a function of reaction rate, showing that departures from results . : . . .
. rgportionality which may also include effects such as diffu
based on the Ernst and Anderson analysis were, as expecte . : )
o . sionl. This expression may be used to determine Theof
greater for larger exchange rates. In addition, errors in magne-, . . : . .
. : - : mobile water, for example, on a pixel-by-pixel basis by fixinc
tization ratios were presented as an explicit function of chang- . ; . . )
E and varying TR in a series of experiments. However, tf

ing chemical concentrations, since saturation factors in the _ . ) . )
water protons within an imaging pixel may in general underg

presence of chemical exchange are strongly dependent u%ﬂgmical exchange with water protons within a pool with

eqU|I|.br|um magnetizations. In the pr.esent work we have erHi_fferentTl. This may be due to exchange with neighboring
phasized the dependence of saturation factors, apparent SR

lattice relaxation times, and magnetization ratios on TR@&nd. SSue types or to exchange with relatively immobile water.

. . . : is clear from the considerations detailed above that, under the
since those are the most readily varied experimental parame-

. X onditions, the values of tissuk’s derived from use of Eq.
ters. However, it can be shown that results may be obtained . . - . )
: . : ] may be highly inaccurate. Similar considerations hold fc
the three-site case which are fully analogous to those in t

previous analysis of the two-site case with respect to variatic?r{?1er 'maging sequences.

of reaction rates and concentrations as independent variables.
In experiments such as inversion transfer and inversion CONCLUSIONS
recovery, an effectivd,, T, is often defined by

The one-pulse sequence is the most commonly perform
1 - i + Kk, [54] NMR experiment. The Ernst formula, Eq. [1], is often used t
Tier Ta derive values foil ;'s. Similarly, a correction based on Eq. [1]
or an empiric correction based on observed SF’s is often us
wherek is the pseudo-unimolecular reaction rate for reactiortis derive chemical or metabolite concentrations from one-pul
contributing to the chemical—kinetic decay of the species axperiments. However, both the Ernst formula and this empir
question. Obviously, changesTn . may be due to changes incorrection scheme based on observed SF’s are valid only |
eitherT, or in k, and the experiment in general cannot distimonexchanging systems. When applied to samples undergo
guish between these possibilities without additional expehemical exchange, including most physiologic systems, the
mental data. Nevertheless, it is occasionally useful to monitarethods yield results that are highly inaccurate. In this worl
T, .« to examine, for example, the effect of an intervention. Inew expressions have been derived which explicitly accou
that case, it is often a reasonable assumptionThas largely for chemical exchange in a system with an arbitralysite
unchanged. Results may then be interpreted in terms exfchange network undergoing repetitive pulsing. To obtal
changes in reaction rates. In contrast, in the one-pulse expegliableT,’s very short TR’s must be used in conjunction with
ment analyzed in the present work, it is essentially impossildirge flip angles. To obtain reliable concentration measur
to define a physically meaningful effectilig that incorporates ments, either very short TR’s must be used in conjunction wi
exchange effects. Not only is there no simple formula for darge flip angles or else long TR’s must be used. For both typ
effective T, in the one-pulse experiment, but in addition thef measurements, the goals of achieving high SNR and
effectiveT, depends on aM’s, T,’s, andk’s for the exchang- avoiding large systematic errors due to chemical exchan
ing system. Thus, changes in the effectivgare in general effects are, in general, mutually inconsistent.
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