Broad line quantitative chemical shift spectroscopy
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Proton NMR spectroscopy was applied to quantitate the measurement of total body water/fat
distributions in vivo. A special MR protocol was developed to excite a thick slab of tissue and
display the magnitude NMR spectrum of the collected response signal. Very short echo time TE
(8 ms) and long repetition time TR (4000 ms) were used to minimize relaxation damping of the
signal intensities. The spectrum was then decomposed into individual lines and proton densities of
different species were calculated. Proton density information was converted into weight
percentage data using stoichiometrical and physiological information. The technique was
validated using phantoms that contained different mixtures of water/maize oil. A high-resolution
NMR spectrum of maize oil samples was used to determine the stoichiometric information. The
test results showed good agreement with the known composition of the phantom within the whole
range of water content (0-100% ). This method is very fast since no phase encoding of data is

required. Preliminary results for monkeys show promising potential in clinical applications.
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I. INTRODUCTION

Several techniques have been proposed to suppress either the
water or fat NMR signal in magnetic resonance (MR ) imag-
ing, using the difference in chemical shift of these two sig-
nals. The Dixon method and its variations explore phase
differences between water and fat signals, created by an ap-
propriate timing within the spin echo (SE) imaging proto-
col, to produce separate MR images of water and fat frac-
tions from the same selected slice."* The selective excitation
with chemical shift-specific slice selection uses a scheme that
explores the chemical shift dependency of slice select posi-
tioning.>* The selective saturation techniques use a soft
pulse prior to the imaging sequence to saturate a desired
spectral line or group of lines.>® In addition, there are re-
ports of MRI studies of fat using standard sequences (spin
echo or inversion recovery) with imaging parameters select-
ed to provide large image contrast between fat and other
tissues.”'! All these approaches focus on the enhancement
of water—fat signal contrast (by selectively suppressing sig-
nal from one of the species), in order to improve tissue dis-
crimination for diagnostic purposes.

Recently, applications of MRI to body composition and
nutrition studies have begun to emerge.'? It is impractical,
however, to obtain cross-sectional MR images that cover the
entire body—it would take too much time to generate and
process such data. Even if fast imaging sequences were used
to generate MR images, relatively thin slices would have to
be used to ensure proper classification of water and fat com-
ponents (in thicker slices the volume averaging effects defeat
the purpose). For an average person of 165-cm height, 165
slices of 1 cm would be required to cover the entire body. It
takes about 30 min to classify lean tissue and fat areas within
asingle MR image with reasonable accuracy (custom image
processing software and off-line computer hardware is need-
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ed to achieve such throughput).'*'* Therefore, the conven-
tional approach is based upon standard anthropometric pro-
cedures, where only certain cross sections are evaluated
(biceps, triceps, subscapular, and suprailiac locations). The
total fat fraction within the body is then calculated using
correlation formulas.'?> This approach has some obvious
drawbacks (for example, the anthropometric correlation
formulas do not account for fat deep inside the body). MR
images can show all the fat within the imaged region, thus
creating a question of statistical validity of correlations with
techniques that do not account for deep fat depot. The most
aggravating problem, however, relates to the fat quantifica-
tion within the images. Since the technique requires the mea-
surement of the percentage of the cross-sectional area occu-
pied by adipose tissue, problems arise from motion artifacts
and partial volume effects at tissue interfaces. This problem
is most severe for lean bodies, since the margin of error,
which remains approximately constant in absolute terms,
produces large relative errors for cases with low adipose tis-
sue content.

In this paper we present a technique that facilitates water/
fat classification by applying an NMR spectroscopy tech-
nique in the imaging, slice selective manner.

Il. METHOD

The experimental protocol for broad line quantitative
chemical shift spectroscopy (MRI BCS) is shown in Fig. 1.
First, magnetization is excited using a slice selective, imag-
ing mode. Then, the echo is produced using a hard, nonselec-
tive 7 pulse. Data acquisition starts at the top of the echo and
acquires half of an echo with no gradients present. There are
several reasons for using such a protocol. First, the rf coil
sensitivity distribution prevents collection of undistorted
data from large volumes. Second, the NMR signal from a
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FI1G. 1. The experimental protocol for broadline quantitative chemical shift
spectroscopy.

large volume exceeds the dynamic range of the MR scan-
ner’s receiver channels. Thus slice selective excitation with a
large (typically about 50 mm) slice thickness assures rela-
tively undistorted NMR signals that fit into the signal ranges
of existing hardware. Use of the slice selective excitation
mode effectively prevents the collection of free induction de-
cay (FID) signal since the initial part of FID is substantially
distorted by the slice selection gradient. On the other hand,
the echo protocol with an echo time TE produces a signal
whose maximum is weighted with exp( — TE/7°2). Since
water and fat signals may have different spin—spin relaxation
times (7°2), this may produce systematic errors in signal
intensity measurements. Therefore, the protocol uses hard 7
pulses to produce signals with very short TEs (the minimum
value of TE is determined by the shape of slice select gradi-
ent, and typically is about 5-6 ms). The shape of the echo
signal is determined by combined effects of rf distribution,
magnetic field inhomogeneity, and eddy current effects and
generally will not be a superposition of Lorentzian decays.
Thus the variables 72 and T 2* that are traditionally used to
describe Lorentzian NMR signals related to spin—spin relax-
ation times and small magnetic field inhomogeneity effects
have no meaning in the analysis of arbitrary echo shapes.
The effective signal damping parameters (a for Lorentzian
and o for Gaussian shapes—see the Appendix) are used in-
stead to describe signal shapes. Since no image is acquired, a
very long repetition time TR can be used with no time pen-
alty. The NMR signal is read without any gradient; thus the
signal decay times (around 5X 7°2) may last for several
hundred ms. For very short echo times only a small fraction
of the first half of the echo (during the TE/2 time between
the rf and echo maximum) is formed (see Fig. 1). This effec-
tively precludes the collection of the entire echo signal and
leads to a scheme that utilizes only the second, undistorted
part of the echo.

The NMR signal is collected in the phase sensitive quad-
rature mode, with the user having no control over the sig-
nal’s phase. Thus after a Fourier transform (FT) is per-
formed to produce an NMR spectrum, there is a variable,
random phase error present in the spectrum. To correct this
phase error, one would have to collect both real and imagi-
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nary parts of the NMR signal and correct the phase in digital
post-processing. This is impractical for very long signals
since most MR scanners do not provide sufficient space to
display both components with required accuracy (the user
cannot get access to the raw digital data in a ‘“‘single shot”
mode). The practical solution to this problem is to produce a
magnitude spectrum, register it on film, and manually digi-
tize it for further processing. This magnitude spectral mode
is standard on most MR scanners and is readily accessible.
The NMR spectrum contains water and fat peaks shifted
due to the chemical shift effects; if one separates these peaks,
it is possible to retrieve information about FID amplitudes of
each component. The FID amplitudes are proportional to
the number of protons in each substance, thus such measure-
ments provide a method for direct evaluation of proton den-
sities of different materials within the excited slice. One can
convert proton density information into weight percentages
using stoichiometric information for each material.

The procedure can be repeated for several contiguous
slices, simply by moving the subject inside the MR coil by a
single slice thickness. The rf slice offset techniques should
not be used to avoid variations introduced by volume distri-
bution of rf coil sensitivity. This is a distinct advantage of
this method, since it is relatively easy to produce data for the
whole body, in contrast to traditional methods that use only
partial measurements. The spectra are also easier to process
than images, and much thicker slices used in MRI BCS re-
duce at least fivefold the number of data sets that must be
acquired to cover the entire body.

lil. VALIDATION

Despite the apparent simplicity of the proposed method,
there are several factors that can affect the accuracy of re-
sults. The rf coil sensitivity distribution, and the imperfec-
tions in slice selection process are obvious examples. It is
well known that rf coil sensitivity distribution affects the
NMR signals in two ways: through changes of the effective
tip angle during rf transmit mode and through differences in
spatial sensitivity during signal acquisition.'>'® Thus the rf
coil must be tested first to check its quality. In general, spe-
cialty and surface coils should be avoided. A quadrature bird
cage resonator head coil'” was used in experiments de-
scribed in this paper. A test using a uniform food phantom
has shown that within the largest volume utilized in the ex-
periments a signal nonuniformity was smaller than 5%,
which was judged adequate. Such a good uniformity was
assured by limiting the signal collection volume to the trans-
verse slice in the center of the coil. A water/maize oil phan-
tom model was used to test the accuracy of the protocol. The
phantom consisted of ten plastic bottles of 30-ml capacity
each. To avoid partial volume problems, the bottles were
positioned entirely within the 50-mm-thick imaging plane.
The bottles were filled with water or maize oil; thus it was
possible to create a phantom that contained variable water/
oil ratios by simply changing the number of bottles contain-
ing oil.

Tests were performed on a Picker Vista HP 2055 1.5T MR
scanner. Eleven magnitude spectra were produced for phan-
toms containing 0—10 bottles of oil. All-water and all-oil
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phantoms were used for control purposes. The experimental
parameters were TE = 8 ms, TR = 4000 ms, 512 points ac-
quisition matrix with 400 us dwell time (sampling interval).
The FT and magnitude spectra that spanned the range
[ — 1250,1250) Hz from the center (carrier) frequency
were produced using standard features of the scanner. In
cases where the water peak was present, the carrier was posi-
tioned at the center of the water peak. Spectra were recorded
on film and then digitized using the Calcomp WIZ digitizing
tablet, connected to a PC AT computer. The data were then
transferred into the HP 9000/320 workstation for process-
ing.

Custom software was written for the line decomposition
process. A typical output from this program is shown in Fig.
2. The decomposition is performed interactively, using ex-
tensive graphics displays and mouse pointers. First, a line is
fitted with a selected lineshape (by specifying center, ampli-
tude, and half-width). Then, the fitted line is subtracted
from the original data and the next line is fitted to residuals.
When all lines are fitted, the composite lineshape is genera-
ted and the standard deviation calculated to assess the fit
quality. The fitting process can be repeated interactively un-
til a satisfactory fit is obtained. The fit quality is judged by
the operator, who makes the decision whether to accept the
current fit or to modify it. Adequate results (s.d. less than
5% ) were routinely obtained for all the results discussed in
this paper.

The selection of lineshape to fit the data is the pivotal
point of the described routine. To assess the proton density
associated with each line, one has to know the amplitude of
its corresponding FID component. This parameter can be
obtained by measuring either the amplitude and full width at
half-maximum (FWHM), or the integral of the line. The
relations between these parameters and FID amplitudes are
derived in the Appendix. These derivations were performed
for both echo and FID data of Lorentzian and Gaussian FID
shapes (half-echo acquisition is equivalent to FID data, if
one neglects 7'2 weighting). From preliminary experience it
was found that most experimental data are better fitted with
Gaussian FID profiles than with Lorentzian. We attribute
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Fi1G. 2. A typical output of the peak decomposition program. Stars show
digitized points of the original magnitude spectrum (pure maize oil).
Broken lines show individual components, and the solid line shows the final
composite spectrum.
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this finding to magnetic field inhomogeneity, slice profile
imperfections, rf coil spatial sensitivity distribution, and re-
sidual eddy currents from a single, weak slice select gradient.
All these detrimental effects determine the shape of the sig-
nal, thus mostly affecting the damping factors [ parameter a
inEq. (A2), oin Eq. (A12)]. Since the damping factors are
excluded from TBW and TBF calculations, in principle, the
magnetic field inhomogeneity should not lead to significant
errors, as long as different spectral lines could be resolved
with confidence.

The spectra for phantoms with different water/oil content
were normalized first, to account for differences in signal
intensity (MR scanner software provided access to both sig-
nal attenuation factor and FFT scaling factor). Then, the
spectra were individually decomposed, and the individual
lines were assigned to either oil or water. Figure 3 shows a
spectrum of phantom that contained seven bottles of oil and
three bottles of water. Such an interactive fit can be subject to
an operator’s subjective judgement. For example, a closer
look at Fig. 2 (broad line spectrum of a phantom containing
ten bottles of maize oil), Fig. 3 (broad line spectrum of a
phantom containing seven bottles of oil and three bottles of
water), and Fig. 4 (HR NMR spectrum of maize oil solution
in CDCl,) reveals that the broad line spectra do not always
closely resemble the HR NMR spectrum of oil solution.
After some tests it was concluded that the magnetic field
inhomogeneity, rf coil spatial resolution, and residual eddy
current effects from the single, small slice select gradient,
affect the shape of the spectrum. For different phantom con-
figurations various minor spectral lines will either entirely
blend with major peaks (H,O or CH,), or show up as
“bulges” on the shoulders of major peaks. As a result, at-
tempts to resolve those “shoulders” will lead to minor lines
at different frequencies. Since it is known that water gener-
ates only a single NMR line, these minor peaks were counted
as oil contributions. This way, the proton densities from mi-
nor peaks were either counted separately, or contributed to
the CH, peak. Unfortunately, two minor oil components:
one around 5.4 ppm (from -CH = CH- protons) and the
other at 4.2 ppm (from -CH-CH,-O-CO-R protons) can
sometimes blend into the water peak (at 4.9 ppm) and con-
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FiG. 3. The magnitude spectrum for a phantom with seven oil and three
water bottles. The leftmost line represents water, the remaining three were
classified as oil.
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F1G. 4. The high resolution NMR spectrum of oil used in the phantom.

tribute to an error in the accuracy of resuits.

For each line, the corresponding FID amplitude was cal-
culated using both amplitude/width and integral methods.
For the Gaussian lineshape that corresponds to the half-
echo collection scheme, the FID amplitude 4 can be calcu-
lated either from spectrum amplitude M (0) and its FWHM
W using Eq. (A24)

A =0.19337[M(0)/W ]
or from the spectrum integral S [Eq. (A24)]:
A = 0.10992S. (2)

The differences between these two methods did not exceed
5%. Once the lines were assigned and processed, the relative
spin densities for water and oil were known. The term “rela-
tive’ refers to the fact that FID amplitudes are proportional
to spin densities, but the proportionality constant is always
an unknown factor that depends on scanner’s hardware. In
cases where absolute values are needed, the data can be cali-
brated using an additional bottle that contains material with
the NMR signal away from both water and oil signals.
Chloroform, with a single peak at around 7 ppm, may be
used, but its low proton density requires the use of relatively

(1)
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large volumes to ensure that the reference peak will appear in
the spectrum. Preliminary studies have shown that such a
standard did not lead to any significant improvement in the
quality of results, while it added complications to the line
resolving process. Thus relative signal intensities were uti-
lized in the method.

To convert the relative spin density data into weight per-
centage data, stoichiometric information about substances is
needed. The composition of water is trivial, but fat is another
matter. It was assumed that the “fat” NMR signal arises
only from triglycerides. The average fatty acid composition
of different “fat”” materials is known.'® The data for maize
oil and human fat are shown in Fig. 5. This average distribu-
tion was checked for maize oil used in the phantom. The HR
NMR spectrum of oil was recorded on a Bruker AM 300-
MHz NMR spectrometer (Fig. 4). The individual lines were
then assigned using literature data.'® The spin densities,
evaluated from average distribution data (Fig. 5) were with-
in 10% of the integral values for individual lines. This justi-
fied the use of data in Fig. S for phantom’s maize oil. The
published spectra similarly justify the use of average data in
Fig. 5 for human fat.”®
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F1G. 5. The fatty acid distribution for maize oil and human fat.

From the fatty acid distribution data, the average molecu-
lar weight and average proton content per mole of triglycer-
ides was calculated. For maize oil, the molecular weight was
871.98 g, with 99.7511 N protons per mole (/N is the Avoga-
dro number). For human fat, the molecular weight is 854.28
g and number of protons per mole is 100.7297 N. With these
results, it is possible to calculate proton density/weight con-
version factors. For simplicity of conversion, the factor for
water can be made unity, and water proton density factor
incorporated into fat conversion factor. For maize oil, this
factor is 0.970745, for human fat 0.941798. Thus if 4,, and
A, represent FID amplitudes for water and oil, respectively,
then the weight fraction of oil is equal to

0.9707454,
A, + 0.9707454,

The numerical constants in this equation are deliberately
specified well beyond the expected accuracy of experimental
values 4, and 4, to avoid round off errors for any experi-
mental data (in normal conditions experimental data are
known with a three digit precision). The weight fraction
data, calculated from NMR magnitude spectra for nine dif-
ferent phantom compositions, are shown in Fig. 6. These
results show that the method is capable of producing accu-
rate results.

m(%] = X 100%. (3)

IV. DISCUSSION

The method described was developed in response to the
need to evaluate the body cell mass (BCM) in preoperative
neonates and infants in order to assess the ability of the body
to handle the post-operative stress. To find BCM, the values
of body weight (BW), total body water (TBW), and total
body fat (TBF) are needed, as well as fat free solids (FFS)
and intracellular body water (ICW).?® These variables are
global, i.e., they include contributions from all the tissues in
the body. For example, TBF includes all the fat and fatty
components (like bone marrow) from the body, regardless
of distribution. The goal of a clinical study presently under
way 18 to determine whether the BCM can be determined
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Fi1G. 6. The weight percent of oil, calculated from NMR spectra, vs. the
relative volume of oil in the phantom. Solid line shows the identity relation.

with acceptable accuracy from the measurements to BW,
TBW, and TBF. This study uses as an animal model adult
Macaca fascicularis monkeys and tests several known meth-
ods of body composition measurements (isotope dilution
technique as a *‘gold standard”, measurements of body resis-
tivity, ultrasound, CT, and MR imaging methods). Since the
MRI BCS method seemed to provide a quick, safe, and non-
invasive way to evaluate the TBF and TBW, the next step
after phantom validation involved in vivo tests of the proto-
col using this animal model.

Sedated adult monkeys were placed individually on an
animal holder with a calibrated scale on its side. This holder
was then placed into the MR head coil in such a manner that
MR spectra could be recorded from consecutive, contiguous
50-mm shces. On average, the 10-12 slices needed to cover
an entire animal required about 20 min, including the acqui-
sition of a pilot image (typical results are shown in Fig. 7).
For comparison, Fig. 8 shows an MR image of the monkey

FI1G. 7. A typical set of spectra for an entire monkey. The top left spectrum
covers the head, the bottom right—the tail. All spectra shown in the same
scale.
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Fia. & A typical MR image of the abdominal region of the monkey. Note
partial volume cffects that make fat classification task difficult.

abdominal area, which normally would be used for water/
fat assessment. Such images were used to assess the TBW
and TBF using water/fat classification methods. Efforts that
utilized special image processing techniques (histogram
analysis and region growing), were consistently inferior to
results obtained from MRI BCS method, due to large errors
caused by motion artifacts and partial volume effects at fat/
tissue interfaces. In the monkeys, these errors could reach
50%—-60%, due to the leanness of the animals. On the other
hand, the MR BCS technigue does not provide information
about spatial distribution of fat, and obviously cannot be
used in studies that require such information.

Our preliminary studies indicate that the protocol works
i vivo as well. In Fig. 9 the data for eight animals are used to
compare the TBW values determined using the tritium dilu-
tion and the MRI BCS methods. The largest difference be-
tween both methods was 6.9%, the average difference was
3.3%, the correlation coeflicient was » = 0.8145. The advan-
tage of MR1 BCS over traditional techniques lies in the ac-
cess to the data for the whole body, not just for a particular
area. However, the information about tissue distribution is
lacking. There 1s no time penalty in the data acquisition (it
takes comparable time to produce set of spectra and an im-
age). The analysis of spectra is easier than attempts to classi-
fy fat within an image, especially for a lean body. So far, the
only limitation discovered is related to the motion artifacts
in the abdominal area. Due to the respiratory motion, the
spectrum is unstable to some degree (repetitive acquisitions
show different results with up to 209 variation in the ampli-
tude of the major peak). One way to circumvent this prob-
lem 1s to wait several TR cycles and register the spectrum
that is most stable.

Factors that affect the accuracy of the proposed method
{magnetic field inhomogeneity, rf coil sensitivity distribu-
tton, eddy current effects, errors in line decomposition)
must be weighed against limitations of other available tech-
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16,9, A comparison of TBW values determined using the tritium dilution
and MRI BCS methods. Data shown for cight different animals. the identity
line is shown for reference.

niques. Tritium dilution, for example, requires monitoring
body fluids balance for at least 24 hr. The logistics of collect-
ing all the urine, produced by a healthy animal who does not
like wearing diapers, poses a challenging problem that often
leads to significant errors in accuracy of the results. All other
techniques (caliper measurements, single slice imaging
methods, body resistivity methods) use correlation tables
and nomograms to derive TBW; thus they provide statistical
indicators rather than precise results. In this light, a method
that is clearly crude when compared to HR NMR spectros-
copy in vitro, appears to be a reasonable choice among other
currently available methods to measure TBW and TBF.

In conclusion, the proposed method shows promising re-
sults. It is simple, fast, noninvasive, and easy to implement.
After final validation, it is intended for use in the clinical
studies of metabolic stress in an animal model, with exten-
sion to human infants. It can easily be applied to the studies
of humans, as long as the large field of view, required to
accommodate some people, will not cause the larger magnet-
ic field inhomogeneities to broaden the individual NMR
lines beyond possible resolution. Our experience with MR
imaging protocols that suppress either water or fat signal
using its chemical shift properties'*'* shows that MRI BCS
method could be useful in human studies that require global
assessment of TBW and TBF, without the need for informa-
tion about tissue distribution within the body.

APPENDIX

It may seem that the task of calculating magnitude spectra
of simple NMR signals is trivial. This is only partially true.
For the reader’s convenience, in this appendix we provide
results for FID and echo signals of Lorentzian and Gaussian
shapes. The Fourier transform (FT) formulas come in sev-
eral variations, but the following forms are used in this Ap-
pendix:
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Flo) = fw flHe ™ dt,

f(t)=LJ‘tm F(w)e*' do. (A1)
27 J_

1. Lorentzian shapes
A. Free induction decay (FID) signal

The Lorentzian signal (either FID or half-echo acquisi-
tion) has the form

(1) = de'®e ™y (y), (A2)

where 4 is the amplitude, ¢ is the phase, w, is the frequency
offset, a is the damping parameter (¢ = 1/72 in the ideal
case of liquids, 1/7°2* for small magnetic field inhomogene-
ities across liguid samples, and has no simple meaning other-
wise) and

1, >0,
1) = A3
u(?) [O, t<O0. (A3)
The FT is easily obtained, direct integration yields
i@ —7 _
F(w) =_—______'Ae — Aew 27RO T D) Ho — o) ;
a+i(o—w,) @+ (0 —w,)°
(A4)
and, consequently, the magnitude spectrum is
M(w) =V[Re F(@)]> + [Im F(0)]?
=A/\a*+ (0 — wy)*. (A5)

The goal is todetermine the amplitude 4 from the FT magni-
tude spectrum. This can be achieved either by measuring the
full width at half-maximum (FWHM) W and the FT spec-
trum amplitude M(0), or by measuring the area under the
line (integral S). By direct integration one discovers that the
integral diverges (the well-known problem of “Lorentzian
wings”). Therefore, a practical solution is to integrate over
an interval spanning five FWHM on each side of the line.
Thus

M) =4/a,
W =2vV3a
o0 + 10av3 A
S=f P(w)da):J- —dx
- —10a3 Jg? 4 x?
=[dInx+Vx¥+a*)] 1193
~7.092 4. (A6)
B. Echo signal

The Lorentzian signal (when entire NMR echo signal is
acquired—its envelope is formed by two back-to-back ex-
ponentials with the echo maximum at ¢ = O since there is a
modulus of time in the damping term) has a form

f(1) = Ae®e ™ @' i (A7)
and its FT is easy to evaluate:
F(w) =2a4e¥/[a* + (0 —wy)?]. (A8)
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Its magnitude spectrum is

M(w) =2a4/[d + (@ — &y)*]. (A9)

In this case, the value of integral S can be independently
checked using a feature

+ =
£0) =LJ Flw)do, (A10)
27 J_ &
which follows from Eq. (A1). Therefore,
M(0) =24 /a,
W=2a
+ + 1
S=f P(w)d(w) =2Af dy =27A.
o e 147
(A11)

2. Gaussian shapes

We will start with the echo signal, which is easier to evalu-
ate.

A. Echo signal

Gaussian echo signal (its envelope is a full Gaussian bell
curve) is defined as

42 2, .
f(t) =Ae‘“’e t°/20 " + iwgt (A12)
and its FT is
+ @
Flw) =Ae“”f e NOT W 12207 gy
= Aeite =7 @ w2
e [t+i0Xo— w207
X e dt
+ o
. P PRNRY ]
= Aoge®Ie 70~ /zf e *dx
. — 2 _ 2
= 27Aoe%e 7 0T W2 (A13)

This derivation utilizes the Cauchy’s theorem for integrals of
complex variables. Since the function has no poles, its inte-
gral over any closed path vanishes. Thus consider a rectan-
gular path whose one side is formed by the real axis 7 and the
other, parallel side is offset by some imagi_nai‘y value iz. The
path is closed by two shunts at t = 4 . Since the function
vanishes at infinity, the shunts do not contribute to the inte-
gral. Therefore, an integration path along any complex
straight line parallel to the real axis yields identical result as
the integration along the real axis; the integration path can
thus be modified from complex to real. The magnitude spec-
trum is

M(w) =27 doe ™7 @72, (A14)
Therefore,

M(0) = 2740,

W=2/2In2/0,
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+ o +oe 2 2
S:J P(0)d(o) :\/EAUJ R )

S

+ i
e " dx

=2\/?Af

— ot

=27A. (A15)

B. FID shape
The Gaussian signal (FID or half-echo) has the form
(1) = de'we ™ 2 ity oy (A16)

Calculations similar to those performed for the Gaussian
echo signal quickly yield

e~ [t+i02(wfa)0)]2/202 d

.
Fw) = de've ™7 @~ 72 J

z.
(Y]
(A17)
Introducing two new variables
N =o0(w—w,)/V2,
x=t/0vV2+Q; (A18)
we obtain

+

F(Q)=W2Aae"‘”e*"zf e~ dx

iQ

+ o i)
=VIAoe'e ¥ (f e~ dx — f e % dx)
0 0

= (7/2)Ace®e~ V[ 1 — erf(iQ)]. (A19)

This result can be independently obtained using Ryzhik’s
formula (3.222).7 It is easy to show, using variable substi-
tution, that

ix , X 5
f e ! dt=if e dt.
0 0

Therefore, the FT spectrum of the Gaussian FID can be

written as
. )
p— i J e’. d[)
N

:Aaei"’[ %e“”z——\/?idaw(ﬂ)] , (A21)

(A20)
F(Q) = %Aaei‘pe_"z(l

where daw(x) is the Dawson function, defined as

X

daw(x)if e’ —* dt. (A22)
0

The Dawson function is very similar in shape to the disper-
sive (imaginary component) of the Lorentzian FT spec-
trum, but its values must be evaluated numerically. Span-
ier”® provides a very effective algorithm that guarantees
24-bit precision (relative error is always smaller than
6+10 ~®). The following code shows the implementation of
this algorithm in HP BASIC (it can easily be modified for
other languages):
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DEF FNDawson(REAL X)
REAL X1,X2,F,P
INTEGER J
X1=ABS(X)
X2=X*X
SELECT X1
CASE =0
RETURN 0
CASE <5
J=1+INT(12*SQR(X1))
P=J+0.5-INT(X2)
F=X2/pP
REPEAT
P=P-1
F=X2*(F/I+1/P)
J=J1
UNTIL J=0
F=F*EXP(-X2)
CASE >=5
P=-1.5-INT(30/X1)
F=1
END SELECT
WHILE P<0
F=1-P*F/X2
P=P+1
END WHILE
RETURN F/(2*X)
FNEND

The magnitude FT spectrum is

M(Q) = Aoy (7/2)e ¥ 1 2 daw?(Q). (A23)

Both FWHM and S have to be determined numerically. For
the experimental magnitude spectrum M(w) one obtains,
using the five FWHM criterion for the limits of S:

M(0) =+ (m/2)Ao,
W= 4.126142654/0,

S5 =9.09784304. (A24)
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