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In the steady-state free precession sequence a regular sequence of phase-coherent radio-
frequency pulses is applied with a repetition time shorter than the NMR relaxation times
of the sample under investigation. The intensity of the resulting NMR signal has a com-
plicated dependence on sequence repetition time and RF pulse angle, as well as depen-
dence on the relaxation times. The purpose of this paper is to present a simple mathemati-
cal description of the SSFP NMR signals which may be used to accurately model SSFP
experiments. Experimental verification of the model has been carried out on a 40 cm
bore 2.35 T Bruker Medspec system. © 1989 Academic Press, Inc.

With the upsurge of interest in rapid scanning by the use of short sequence repeti-
tion times (/-6) there has been much discussion over signal behavior as a function
of flip angle with a view to predicting the contrast capabilities of such methods (7-
9). The use of repetition times shorter than the T and T, relaxation times results in
dynamic equilibrium in both the longitudinal and the transverse magnetizations in
which the NMR signal and thus image contrast has a complicated dependence on T,
and 7>. It has also been observed that image contrast is flip-angle dependent.

The steady-state free precession (SSFP) sequence (10) consists of an arbitrarily
long string of phase-coherent radiofrequency pulses of the same flip angle applied
with a constant and short repetition time, Fig. 1. It is possible to draw an analogy
between two adjacent repetitions in the SSFP sequence and the Hahn spin-echo ex-
periment ( 5). Each RF pulse is followed by a FID which is refocused by the following
RF pulse to form a spin echo at the end of the next repetition interval. Each FID may
be thought of as being entirely due to fresh longitudinal magnetization. And the ratio
of the echo signal to the FID signal will be given by

Secho/ Sta = exp(—2Tr/ T;)sin’*(a/2). [1]

Stimulated echo effects may also be taken into consideration by comparing a three-
pulse experiment to SSFP. The first pulse excites a FID. The second pulse applied
after a short delay generates longitudinal magnetization from the FID, and the third
pulse applied after a further delay gives rise to a stimulated echo. Identification of
three consecutive pulses in the SSFP sequence with the stimulated echo model shows
that the simulated echo occurs at the same time as a subsequent RF puise, which
also coincides with the spin echo described above. The ratio of the stimulated echo
component to the FID component is given by
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FIG. 1. Radiofrequency pulse sequence for the steady-state free precession sequence. It consists of a long
string of phase-coherent RF pulses of the same pulse angle applied with a constant repetition time. In the
steady state, the signal appearing between pulses is identical for all repetitions.

Sse/Sta = 0.5 exp(—2Tr/ T2)exp(—Tr/ T1)sin*(a). (2]

Obviously these two components have different flip-angle dependence and different
T, dependence. This results in the complex flip-angle-dependent contrast observed
in short-repetition-time NMR imaging experiments. The consideration of analogies
with four or more pulses reveals further complexity in the signal response.

It is the purpose of this paper to present a simple mathematical description of the
signals occurring in the SSFP sequence.

THEORETICAL CONSIDERATIONS

In the steady state the transverse components of the magnetization at a time r = 0
immediately after a RF pulse are given by (17)

M, (0, dw) = QFE,(TR)sin(a)sin(dwTR) {31
M (0, bw) = @sin(a)(1 — Ey(Tr)cos(bwTRr)), [4]
where
My(l — E((T;

2= p ﬁ(q cos(la(w;:)) 31

E\(t) = exp(—1/T)) (6}

Ey(t) = exp(—t/T3) {7
p=1~E|(Tr)cos(a) — Ex(Tr)*(E\(Tr) — cos(a)) [8]

g = Ex(Tr)(1 — E\(Tr))(1 + cos(a)). [9]

T is the sequence repetition time, dw is the resonance offset of the isochromat under
consideration, and « is the RF pulse angle. Of course the transverse magnetization
may be expressed in complex notation, i.e.,

M,,(0, bw) = M (0, dw) + jM,(0, bw) [10]
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= Qsin(a)(1 — E;(Tr)e /*'x) [11]

and the evolution of M,, during the subsequent repetition interval (/2) will be given
by

M, (2, dw) = M,(0, dw) Ex(1)e’** [12]

= Qsin(a)(E,(t)e* — Ey(t + Tr)e/* T®)). [13]

The transverse magnetization described by [13] clearly has two components; the
first is the FID component which is “in-phase™ at # = 0 and dephases as ¢ increases
and the second, the echo, which rephases at ¢t — Tg = 0 at the end of each interval.

The steady-state NMR signal may now be calculated by integrating [13] over all reso-
nance offset frequencies, éw, within the sample,

S(r) = f_ ) M, (1, dw)g(bw)d(dw), [14]

where g(dw) is the spin distribution function. Substitution of [13] into [14] gives
Mo(1 — E\(TR)) _. { f+°° g(dw)e’>!
sin(a){ E> (¢
7 NEO | T (a/pycos(baTr)
g(aw)ejﬁw(t——TR)
1 = (q/p)cos(6wTR)

The integration of [15] may be found in the Appendix. The amplitudes of the
signals are given by

_ My(1 — E(TR))

S() =

d(dw)

—Ex(t+ TR)f_ﬂo d(aw)]. [15]

Sha ; sin(@)(u — Ex(Tx)?) [16]
Spe = Mot _pE"TR” sin(a)(E>(2Tw)u — Ex(To)V). [17]

The SSFP FID signal occurring at ¢ = 0 is represented by [16] and the echo at
t = Tr by [17]. The terms u and v are given by

u=1+3 (2—‘;-)2”'(2’:1) [18]
m=1
_1 =3} _q_ 2m—1 2m
260 &

where p and g are given by [8]] and [9], respectively. Since [g| < | p | the summations
converge (13). The summations in [18] and [19] imply that both the FID and the
echo signals are composites of a number of coincident responses (14). This result
may be understood in terms of higher-order coherences providing extra contributions
to the principal FID and echo signals as suggested earlier. In a Carr-Purcell sequence
a 90° pulse at ¢ = 0 is followed by a string of 180° pulses at times (27 — 1)7, and a
series of spin echoes arise at times 2#7. The echo amplitudes describe the 7, decay
envelope of the sample (Fig. 2a). If the 180° refocusing pulses are imperfect ( Fig. 2b)
an additional set of secondary spin echoes and stimulated echoes will occur coinci-
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FiG. 2. Carr-Purcell to SSFP. The complexity of the SSFP signal may be understood in terms of the
Carr-Purcell sequence. The use of imperfect refocusing pulses results in the generation of additional signals
in the form of FIDs after each pulse and stimulated echoes and secondary echoes during each expected
spin echo and each subsequent refocusing pulse. Replacing all the pulses by identical pulses of arbitrary
flip angle and applying further pulses at the times of the expected spin echoes complete the picture with
signals after and before each pulse being composites of spin echoes, stimulated echoes, and FIDs.

dentally with the expected echoes and refocusing RF pulses. The number of addi-
tional echoes increases rapidly as more refocusing pulses are applied. This also de-
scribes the low-angle RARE experiment (FLARE) (15) which employs imperfect
refocusing pulses. Replacing the initial 90° pulse and the subsequent refocusing pulses
by identical a pulses and applying further a pulses at times 2n7 coincidentally with
the primary spin echoes results in a SSFP-like sequence. Every pulse is followed by a
FID-like signal and an echo-like signal reforms before each pulse, and both signals
are composites of primary, secondary, and stimulated echoes (Fig. 2¢c).

The degree of phase coherence between successive repetitions is determined by 7,
and the RF flip angle and is defined by ¢ given by [9] appearing in [18] and [19].
This term becomes negligible at repetition times long compared to 7, where F3(7TR)
is small and also at high flip angles where (1 + cos ) becomes small. Thus higher-
order and therefore longer-term coherences have increasing importance at lower flip
angles as demonstrated by the fact that the summations in [18] and [19] tend to
converge to within 0.01% in only 3 or 4 iterations for puise angles above about 90°
and that 50 to 100 iterations may be necessary for flip angies under 10°, depending on
T, and T,. This has been experimentally confirmed with a stopped SSFP sequence.

It has been suggested (16) that the ratio of echo to FID yields the T, relaxation
time of the sample by the relation
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= exp(_;fk) . [20]

Secho
S fid

This result is not generally true but may be obtained from [16] and [17] only if the
term g is negligible,

It is interesting to note that if the RF flip angle is chosen such that cos(w)
= exp(—Tr/T)) the SSFP FID signal is given by

_ s+ /A FE)
Sha = My (1+E) [21]

Secho = Sﬁd<E2(2TR) —(1- Ez(zTR)) % (Ez_(;_@a_))m(znrj)) . [22]

and the echo signal is given by

m=1

Thus when Ernst angle excitation pulses are used the SSFP FID signal becomes inde-
pendent of 7, and the ratio of the SSFP echo to the SSFP FID signal becomes inde-
pendent of 7.

RESULTS

Experiments to test the validity of the equations for the SSFP FID and echo signals
were performed using samples of water doped with manganese chloride on a 40 cm
bore 2.35 T Bruker Medspec system. The T, and 7 relaxation times of the samples
were determined with an accuracy of 3% by inversion-recovery and spin-echo meth-
ods on the same machine. Two samples were used; the first had a concentration of
0.1 mmol, T, = 885 ms, and 7> = 84 ms; and the second sample had a concentration
of 0.5 mmol, 7|, = 278 ms, and 7, = 21 ms.

The SSFP sequence consisted of a stream of 400 nonselective rectangular (hard)
pulses, with a pulse repetition time of 20 ms. The pulse length was in the range of 1-
60 us. A weak gradient was applied between pulses to ensure separation of the FID
and echo components. The signals were collected as a function of the SSFP pulse
angle. For ease the signals were acquired at the end of the pulse stream and their
amplitudes were determined from the Fourier transforms of the signals. In order to
avoid problems of receiver saturation the SSFP FID had to be collected as a spin
echo. This was achieved by applying a hard 180° pulse 10 ms after the pulse stream.
The SSFP echo signal was collected without the 180° pulse. Thus both signals were
acquired as full spin echoes.

The experimental results for the 0.5 and 0.1 mmol MnCl, solutions are shown in
Figs. 3 and 4, respectively, with the FID data being scaled to compensate for the spin-
echo acquisition. The solid lines refer to the theoretical results calculated using [14]
and [15] from the measured T, and 7, values. As it turns out the experimental data
and theory are in excellent agreement,

Figures 5 and 6 show the ratios of the echo to the FID for the two samples; the solid
lines refer to the theoretical results. Again there is good agreement between theory
and practice. The T, for the samples may be estimated, using [20], from the plateau
in the ratio of echo to the FID for pulse angles above 90°, giving 7, estimates of 83
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FIG. 3. A comparison of the experimental and theoretical signal levels of the SSFP FID and echo signals
plotted as a function of pulse angle for 0.1 m M MnCl, solution (T, = 885 ms, T, = 84 ms, T = 20 ms).
The solid lines were calculated on the basis of the measured T, and T, values for the sample determined
from conventional inversion-recovery and spin-echo methods.

and 21 ms for the 0.1 and 0.5 mmol MnCl,, respectively. This is in agreement with
the T, values measured using the spin-echo method.

CONCLUSIONS

A mathematical description of the NMR signal in the steady-state free precession
experiment has been obtained by integrating the well-known equations for the SSFP
transverse magnetization with respect to resonance offset. This description was found
to be in excellent agreement with experimental results. The signal is composed of two
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FIG. 4. A comparison of the experimental and theoretical signal levels of the SSFP FID and echo signals
plotted as a function of pulse angles for 0.5 m M MnCl, solution (7; = 277 ms, 75 = 21 ms, T = 20.ms).
The solid lines were calculated on the basis of the measured T, and T values for the sample deteérmined
from conventional inversion-recovery and spin-echo methods. )
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FIG. 5. A comparison of the experimental ([7) and theoretical (solid line) pulse angle dependence of the
ratio of SSFP echo to SSFP FID for 0.1 m M MnCl, solution (7, = 885 ms, 7; = 84 ms, Tx = 20 ms).

distinct parts taking the form of a free induction signal [16 ] decaying away after each
pulse and an echo signal [17] forming before each pulse. The two signals have a
complex nature, being the resultants of many coincident coherent signals, such as
FIDs, spin echoes, and stimulated echoes from previous repetitions, as indicated by
the summations in [18] and [19]. The different flip-angle dependence of the various
coincident signals combined with their different 7, and 7, dependence leads to the
flip-angle-dependent contrast observed in short-repetition-time NMR imaging se-
quences.

The degree of phase coherence between successive repetitions is not only deter-
mined by the ratio of repetition time to 7, but also by the flip angle. At high flip
angles, above 90°, there is a rapid interchange of longitudinal magnetization and
transverse magnetization due to the RF pulses, so that the phase coherence of the
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FIG. 6. A comparison of the experimental ((I) and theoretical (solid) pulse angle dependence of the
ratio of SSFP echo to SSFP FID for 0.5 m M MnCl, solution (7, = 277 ms, T, = 21 ms, 7 = 20 ms).



SHORT-REPETITION-TIME SEQUENCES 481

transverse magnetization is strong but only short-term. At low flip angles the inter-
change is weaker, since weak RF pulses do little to disturb the longitudinal magnetiza-
tion. They are also ineffective in disturbing any transverse magnetization which may
have been generated. Thus the transverse magnetization, aithough weak, may remain
over many repetitions.

APPENDIX

The purpose of this appendix is to integrate [15] with respect to resonance offset
ow

My(1 ~ Ei(TR)) e gldw)e ™"

sin(a)[Ez(l) f_w 1 —(q/p)cos(wTr)
g(dw)e > Tr)
1 —(q/p)cos(dwTr)

Since | p| > |¢g| forall e and T, < T, (13) the term (1 — (g/p)cos(dwTr)) 'in [23]
may be expanded as a geometrical series; therefore

S(t)y= d(éw)

B+ TR)f_+°° d(6w)]. (23]

-1 © n
(l - (g)cos(éwTR)) =1+ 3 (g) cos”(bwlR) [24]
and since cos(x) = (1/2)e’*(1 + e %*)[24] becomes
=1 +§ 9 ne(jminR)(l + ol 2ibeTR)yn [25]
n=1 2p
by applying a binomial expansion [25] becomes
_ o {4\ ey o P\ Gin—2myse Ty
=1+ 3= + R 26
([ 2 (] e
substituting [ 26 ] into [ 23] and noting that
+w
fy= [ gtowrer dsa 27

i.e., f(¢") is the Fourier transform of g(éw). Thus [20] becomes

s(r) = Mol = Er(Tw))sin(<) [Ez(t)[f(t) [284]
[+ o} —q— n
+,§1 (zp) Sf(t+nTy) [28b]
o0 —q_ n n n
+2(5) Z (%)
Xf(t+(n—2m)TR)} [28¢]

- E(t+ TR)[f(t —TRr) [28d]
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+ 2 ( p)f(t-i—(n— DTRr) [28e]
q n n n
§(2p) 2 (m)
X flt+(n—2m-— 1)TR)]}. [28f]

In [28a] f(¢) is the principal component of the SSFP FID signal, at a maximum
immediately after each pulse and decaying away through each repetition interval.
The term f(t — Tgr) in [28d] is a component of the SSFP echo signal reaching a
maximum at the end of the interval when ¢ = Ty. The signals described by [28b],
[28c], [28e], and [28f] represent additional contributions to [28a] and [28d ] from
higher-order echoes. In general the additional terms describe signals which peak at
times ¢ = kTy (where k is any positive or negative integer). If signals from previous
repetitions have no contribution in the current interval, 0 < ¢ < Ty, only signals for
which k = 0 and k = +1 are of interest; i.e., f(¢) =~ O for |¢| > | Tx|. Thus [28b] gives
no contribution. For [ 28c]

k=2m-—n; [29]
therefore n = 2mfor k= 0and n = 2m — 1 for k = 1 and [28c] becomes
0 2 2m-~1
q \*"{2m 2m _
2 ) (mporaz ) (oo oo

providing contributions to both the FID and the echo components. In [28e] n = 1 if
k = 0, therefore this term becomes

(q/2p)f (1) [31]
making contributions only to the FID. In [28f]
k=2m—-n+1; [32]
therefore n = 2m + 1 for k = 0 and n = 2m for k = 1 and [28f] becomes
@ 2m 2m+1
q 2m 2m+1 )
t—Tr)+ . 33
S(55) (rpemmoe ()7 (7 o o
Combining [31] with [33] gives
o 2m 00 2 1
q 2m _ 1 m-1/2m
2 ) Capemesz () (o oo

and the NMR signal appearing between pulses is given by
My(1 — E\(TRr))
p

Sty = sin(a)X{(Ez(t)u~E2(z+ TOD)Vf(1)

—(Bx(t+ To)u— Ex(t)0) (i - TR)], 3s]
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where
3 © i 2m 2m
ez ) () i
__1_ © _‘q_ 2m—1 2m
33 )

The FID signal occurring immediately after each RF pulise, at 1 = 0, is given by
_ My(1 - E\(Tr))

Stia sin(a)(u — Ex(Tr)v) [38]

and the echo signal occurring at the end of each repetition, at 1 = T§, is given by

Spo = Mol ‘pE‘(T“)) sin(a)(E(2Tr)u — Ex(To)V). [39]
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