Table 1. Mathematical definitions of complex network measures (see main text for an informal discussion). All binary and undirected measures are accompanied
by their weighted and directed generalizations. Generalizations which have not been previously reported (to the best of our knowledge) are marked with a star (*).
The Brain Connectivity Toolbox contains Matlab functions to compute most measures in this table.

Measure

Binary and undirected definitions

Weighted and directed definitions

Basic concepts and measures

Basic concepts
and notation

N is the set of all nodes in the network, and n is the number of nodes.

L is the set of all links in the network, and [ is number of links.

(i,)) is alink between nodes i and j (i,j € N).

a;; is the connection status between i and j: a;; = 1 when link (i, j) exists
(when i and j are neighbors); a;; = 0 otherwise (a; = 0 for all i).

We compute the number of links as I = ¥,; ey a;; (to avoid ambiguity with
directed links we count each undirected link twice, as a;; and as a;; ).

Links (i, j) are associated with connection weights w;; . Henceforth we
assume that weights are normalized, such that 0 < w;; < 1 forall i and j.
[ is the sum of all weights in the network, computed as I = ¥, ey w;; -

Directed links (i, j) are ordered from i to j. Consequently, in directed
networks a;; does not necessarily equal a;; .

Degree: number
of links
connected to a
node

Degree of a node i,
ki = Z aij .

JEN

Weighted degree of i, k;* = ¥y w; .

(Directed) out-degree of i, kP = ¥ ey a;; -
(Directed) in-degree of i, k" = YieN Qi -

Shortest path
length: a basis
for measuring

Shortest path length (distance), between nodes i and j,

dij = 2 Auy,

Ayy €Gioj

Shortest weighted path length between i and j, dj; = X4, e, f(wy),

where f is amap (e.g. an inverse) from weight to length and g;7,; is the
shortest weighted path between i and j.

integration . .
g where g;.,; is the shortest path (geodesic) between i and j. Note that _ _
d;; = oo for all disconnected pairs i, ;. Shortest directed path length from i to j, d;/ = Zai,- egin; Qij where g;_,; is
the directed shortest path from i to j.
Number of Number of triangles around a node i, (Weighted) geometric mean of triangles around i,
triangles: a basis 1 1/3
for measuring =5 Aij Ain Gj - t' = 21 hen (Wi WinWjn)
JjREN

segregation

Number of directed triangles around i,
L1
t; = EZj,hEN(az] ;) (i + an)(ajn + az)).

Measures of integration

Characteristic
path length

Characteristic path length of the network (e.g. Watts and Strogatz, 1998),

L=12L- ZZ;EN];#L
n ! n—1 '
] . ieN iEN
where L; is the average distance between node i and all other nodes.

Weighted characteristic path length, LW = —ZIEN Zjenyidi)

n—1

dl]

ZJEN]ﬁ
ZlEN .

Directed characteristic path length, L™ = -




Global efficiency

Global efficiency of the network (Latora and Marchiori, 2001),

E== ZE ZZ/EN}iLd_,
n—1
. . ieEN iEN
where E; is the efficiency of node i.

Yjen, #(di“,-v)_l

Weighted global efficiency, EY = %ZieN —

-1
. .. X ild;
Directed global efficiency, E~ = —ZIENM

Measures of segregation

Clustering Clustering coefficient of the network (Watts and Strogatz, 1998), Weighted clustering coefficient (Onnela etal., 2005),
coefficient C= lz C = lz L cw ZLEN 267 See Saramaki et al. (2007) for other variants.
n = ¢ n = ki(ki — 1) keiCki -1
L L
where C; is the clustering coefficient of node i (C; = 0 for k; < 2). Dlrected clustering coefficient (Fagiolo, 2007),
t
c” ELEN (kout+k1n)(kout+k1n 1) ZZ]EN a;j aﬂ
Transitivity Transitivity of the network (e.g. Newman, 2003), Weighted transitivity*, T" = Yien 27"
Yien 2t; ’ Yien ki(ki_l)l

T=g——.
L . ZiEN kl(kl _ 1)
Note that transitivity is not defined for individual nodes.

Yient;

Directed transitivity*, T~ = . . .
Y T el k) (kP 1) —25, e agaz]

Local efficiency

Local efficiency of the network (Latora and Marchiori, 2001),
-1
. Z ZZ} JheN,j=i Qij azh[ h(Ni)]
Eloc - E]OCL - ’
ki(k; — 1)
iEN iEN

where Ej,; is the local efficiency of node i, and d;, (N;) is the length of the
shortest path between j and h, that contains only neighbors of i.

—1,1/3
Zj,heN,j:#i(WijWih[d}/‘;z(Ni)] )
ki(ki—1)

. .. 1
Weighted local efficiency*, E\J. = ;ZieN
Directed local efficiency*,
-1 -1
Zj,heN,j;ei(aij+aji)(aih+ahi)([dﬁl(Ni)] +[d;?j(Ni)] )
(kP k) (kP k1) -2 3 en @y aji '

1
d —
Eloc - z ZiEN

Modularity

Modularity of the network (Newman, 2004b),

2

Q= Z €uu _(Zeuv> ,
ueM vEM

where the network is fully subdivided into a set of nonoverlapping modules

M, and e, is the proportion of all links that connect nodes in module u with

nodes in module v.

An equivalent alternative formulation of the modularity (Newman, 2006) is
. kik; .
givenby Q = %Z”e,\, (aij - %) 8m,m;» Where m; is the module

containing node i, and 5mi,m]. = 1if m; = m;, and 0 otherwise.

Weighted modularity (Newman, 2004),

kVEY
]5m,m..
[

1 i
Q" =% 2ijen [Wij -
Directed modularity (Leicht and Newman, 2008),
kPUtki-n

1
Q7 =1Xijen [aij -

] mi,mj-




Measures of centrality

Closene_zss Closeness centrality of node i (e.g. Freeman, 1978), Weighted closeness centrality, (L¥)~1 = LW
centrality 1 n—1 Ljen,j=idij
Li = Z d .
jEN,j#i Uij . . _
JERITY Directed closeness centrality, (L;))™! = Lﬁ
Yjen,j=idj
Betweenness Betweenness centrality of node i (e.g. Freeman, 1978), Betweenness centrality is computed equivalently on weighted and directed
centrality b 1 z Prj (@) networks, provided that path lengths are computed on respective weighted or
P _ Y directed paths.
(n=-DM-2) L oy p
h#j,h#ij#i
where py,; is the number of shortest paths between h and j, and py; (i) is the
number of shortest paths between h and j that pass through i.
Within-module | Within-module degree z-score of node i (Guimera and Amaral, 2005), ki (m)—k"(m;)

degree z-score

_ ki(m;) — k(m;)
L= o'k(mi) !
where m; is the module containing node i, k; (m;) is the within-module

Weighted within-module degree z-score, z;" =

ka(mi)

kU m )~k (m,)

Within-module out-degree z-score, z"** =

. . koUt(m,)
degree of i (the number of links between i and all other nodes in m;), and o ) _ e\ i
7 ; ‘g Within-module in-degree z-score, z/® = £ )=k ()
k(m;) and a*(m?) are the respective mean and standard deviation of the 9 T T iy
within-module m; degree distribution.
Participation Participation coefficient of node i (Guimera and Amaral, 2005), . . . w 2
coefficiznt P ( k,(m) 2 ) Weighted participation coefficient, y" =1 — Y .en (k‘k—(fv"))
yi=1- Z < l k > , l
i
. meM . . - : - out k?m(m) 2
where M is the set of modules (see modularity), and k; (m) is the number of | Out-degree participation coefficient, y;™ = 1 — ¥, en (W)
links between i and all nodes in module m. _ ki )‘
In-degree participation coefficient, y" = 1 — ¥,y (lk—mm) .
Network motifs
Anatomical and | J, is the number of occurrences of motif h in all subsets of the network . . . li
functional (subnetworks). h is an n, node, I, link, directed connected pattern. h will (Weighted) intensity of h (Onnela etal., 2005), I, = Zu (et _Wij) i
motifs occur as an anatomical motif in an n, node, 1, link subnetwork, if links in where the sum is over all occurrences of h in the network, and L is the set

the subnetwork match links in h (Milo et al., 2002). h will occur (possibly
more than once) as a functional motif in an n;, node, I, > 1, link
subnetwork, if at least one combination of [, links in the subnetwork matches
links in h (Sporns and Kotter, 2004).

of links in the uth occurrence of h.

Note that motifs are directed by definition.

Motif z-score

z-score of motif h (Milo, 2002),
]h - Urand,h)

VA =
h 0'] rand,h

)

where (Jrang,n) and o/randk are the respective mean and standard deviation for
the number of occurrences of h in an ensemble of random networks.

Intensity z-score of motif h (Onnela et al., 2005), z} = W
o' rand,

where (I.ang,) and o’randk are the respective mean and standard deviation for
the intensity of h in an ensemble of random networks.




Motif
fingerprint

n;, node motif fingerprint of the network (Sporns and Kétter, 2004),
By (h) =) Fai(h) =) Jys
, ieN iEN
where h is any n;, node motif, F,,, ;(h ) is the n, node motif fingerprint for
node i, and ]’ ; is the number of occurrences of motif k' around node .

ny, node motif intensity fingerprint of the network,

ElL(h) =TienFi, i(h) = Sien I o

where h' is any n;, node motif, F; (k) is the n;, node motif intensity
fingerprint for node ¢, and I,,’ ; is the intensity of motif k' around node i.

Measures of resilience

Degree Cumulative degree distribution of the network (Barabasi and Albert, 1999), Cumulative weighted degree distribution, P(k") = ¥ sewp(k),
distribution P(k) = z (k)
' Cumulative out-degree distribution, P(k°") = ¥}’ spoup(k ).
o . K>k L S iy ,
where p(k") is the probability of a node having degree k. Cumulative in-degree distribution, P(k™) = X' 5 p(k ).
Average Average degree of neighbors of node i (Pastor-Sattoras et al., 2001), Average weighted neighbor degree (modified from Barrat et al., 2004),

neighbor degree

o = Yjen Aijk;
nn,i — .
ki

v = Zienwik)'
nn,i — KW
l

. . ien(ag+aj;) (KO +km
Average directed neighbor degree*, k. ; = Zen( Zlf(kojt‘zl((i;) 2
i i

Assortativity
coefficient

Assortativity coefficient of the network (Newman, 2002),
_ _ 1 2
I BpeLkik — [l ! X(ij)eLy (ki + k; )]

-1 1 2 2 -1 1 g
11 Y jyery (K2 + k2) = |17 Ba ey (ki + k)]

r =

Weighted assortativity coefficient (modified from Leung and Chau, 2007),
2
7 Y e wi k) =[17 G, etz (ki)

-1 E(i,j)EL%WU ((k;/V)2+(k]‘,N)Z)_[1—1 Z(i,j)eL%Wij (k;’“+k]w)]z.

W=

r

Directed assortativity coefficient (Newman, 2002),
. . 2
I 36 eL kf’mk}"—[l_l Z(i,j)eL%(k?Ut+k}")]

-1 Z(i,j)EL%[(k?m)z+(k]i‘n)2]_[l_1 E(i,j)EL%(k?Ut+k1i’n)]2.

g—

Other concepts

Degree
distribution
preserving
network
randomization.

Degree-distribution preserving randomization is implemented by iteratively
choosing four distinct nodes iy, j;, i, j» € N at random, such that links
(i1,71), (i2,J2) € L, while links (i, j2), (iz,j1) € L. The links are then
rewired such that (i, j»), (iz,j1) € L and (iy, j1), (i3, j2) € L (Maslov and
Sneppen, 2002). “Latticization” (a lattice-like topology) results if an
additional constraint is imposed, |i; + ja| + liz + j1| < iy +j1] + iz + j2|
(Sporns and Kotter, 2004).

The algorithm is equivalent for weighted and directed networks. In weighted
networks, weights may be switched together with links; in this case the
weighted degree distribution is not preserved, but may be subsequently
approximated on the topologically randomized graph with a heuristic weight
reshuffling scheme.

Measure of
network small-
worldness.

Network small-worldness (Humphries et al., 2008),
_ C/Crand
L/Lrand’
where C and C,,,q are the clustering coefficients, and L and L4 are the
characteristic path lengths of the respective tested network and a random
network. Small-world networks often have S > 1.

. cwiey
Weighted network small-worldness, SV = #
LW/Lrand
. co/c?
Directed network small-worldness, S~ = %
L /Lrand

In both cases, small-world networks often have S > 1.




