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Influence of a Second Radiofrequency Field on High-Resolution Nuclear Magnetic 
Resonance Spectra 

W. A. ANDERSON AND R. FREEMAN* 

Varian Associates, Instrument Division, Palo Alto, California 

(Received March 8, 1962) 

A theoretical treatment of nuclear-magnetic double-irradiation experiments is given which is applicable 
to two groups of nuclei of arbitrary spin, either of different nuclear species or in a situation where the 
chemical shift is large in comparison with the spin-coupling constant. A convention is introduced whereby 
the group which experiences the "strong" rf field H2 is given the symbol X, while the group to be investi­
gated is represented by A. Particular attention is given to groups of spin! nuclei in AnXm type molecules 
where m, n::;3, and their spin-decoupling behavior is presented in graphical form. Good correlations are 
observed with the experimental proton double-resonance spectra of acetaldehyde, diethyl succinate, and 
1,1,2 trichloroethane. When a single X transition is irradiated with a very weak H2 a splitting of the A spin­
multiplet lines into submultiplets is observed; at the same time an Overhauser-type redistribution of intensi­
ties may occur in certain molecules. Intermediate strengths of H2 centered on the X multiplet coalesce the 
A spectrum to what is essentially a single line for AXm molecules, but for AnXm molecules where n> 1 there 
is a "residual splitting" which, although it decreases as H2 is made stronger, may never disappear com­
pletely. At high powers it is necessary to displace H2 slightly off resonance for group X towards the A reso­
nance in order to obtain optimum decoupling, a correction which can be important in the accurate measure­
ment of proton chemical shifts by spin-decoupling techniques. 

1. INTRODUCTION 

I T is becoming increasingly apparent that the tech­
nique of double irradiation, originally proposed by 

Bloch,1 can be profitably applied to a variety of prob­
lems that arise in the study of high-resolution nuclear 
magnetic resonance spectra. The multiplet structure 
that is observed on many nuclear resonance signals of 
liquid samples has been shown2 to be due to a scalar 
coupling JI. S of the spins of chemically shifted nuclei 
through the valency electrons.3 The effect of the cou­
pling can be made to disappear if one group is subjected 
to a rf field H2 such that 'YHi»27r I I I , and when the 
resonance of the other group is investigated by means 
of a weak radiofrequency field HI, in the simple case 
where there are no other couplings present, it is found 
to have coalesced to a single sharp line.4 The applica­
tion of this technique to the accurate measurement of 
chemical shifts of hidden resonance lines5 and to the 
determination of relative signs of spin-coupling con­
stants6.7 led to the realization that in many circum-

* On leave of absence from the National Physical Laboratory, 
Teddington, Middlesex, England. 

1 F. Bloch, Phys. Rev. 93, 944 (1954); Phys. Today 7, 30 
(1954) . 

2 N. F. Ramsey and E. M. Purcell, Phys. Rev. 85, 143 (1952); 
N. F. Ramsey, Phys. Rev. 91, 303 (1953). 

3 Useful references for review are: (a) J. A. Pople, W. G. 
Schneider, and H. J. Bernstein, High Resolution Nuclear Magnetic 
Resonance (McGraw-Hill Book Company, Inc., New York, 1959); 
(b) J. D. Roberts, Nuclear Magnetic Resonance (McGraw-Hill 
Book Company, Inc., New York, 1959); (c) J. D. Baldeschwieler 
and E. W. Randall, Chern. Revs. (to be published); (d) Varian 
Staff, N. M. R. and E. P. R. Spectroscopy (Pergamon Press, 
New York, 1960); (e) J. D. Roberts, An Introduction to the Analy­
sis of Spin-Spin Splitting in High Resolution Nuclear Magnetic 
Resonance Spectra (W. A. Benjamin, Inc., New York, 1961). 

4 A. L. Bloom and J. N. Shoolery, Phys. Rev. 97, 1261 (1955). 
5 J. A. Elvidge and L. M. Jackman, J. Chern. Soc. 1961, 859. 
6 J. P. Maher and D. F. Evans, Proc. Chern. Soc. 1961, 208. 
7 R. Freeman and D. H. Whiffen, Mol. Phys. 4, 321 (1961). 

stances intermediate strengths of the field H2 may have 
to be employed such that 'YH2,-.....,27r 1. Recently Freeman 
and Whiffen8 have shown that a calculation along the 
lines of that given by Bloom and Shoolery4 for two dis­
similar spin! nuclei can be used to predict the patterns 
obtained in double irradiation of AX type proton 
systems with a high degree of accuracy for values of 
'YH2 comparable with 27r I AX. A convenient graphical 
representation of the results was proposed. The present 
work extends these calculations to cover all the cases 
of interest for the proton resonance spectra of organic 
molecules with the restriction that the groups con­
cerned contain only magnetically equivalent protons, 
and where the mutual coupling is weak in comparison 
with the chemical shift. A modification of the graphical 
presentation allows the same scheme to be used both 
for nuclei of the same species and for nuclei of different 
species. 

85 

2. THEORY OF DOUBLE RESONANCE 

Consider the case of two groups of nuclei placed in 
a large static magnetic field Ho in the Z direction. Let I 
and WI='YIHO represent the total spin values and the 
Larmor frequency of the first group, and Sand Ws = 
'YsHo represent the total spin values and Larmor fre­
quency of the second group. Let I represent the mag­
nitude of the spin-spin coupling measured in units of 
cps. In the experiments described here, the "strong" 
rf field with magnitude 2H2 and angular frequency W2 
is applied along the X axis so that it causes transitions 
of the nuclei with spin S. A "weak" rf field of magni­
tude 2HI and angular frequency WI is also applied along 
the X axis so that it causes transitions of the nuclei 

8 R. Freeman and D. H. Whiffen, Proc. Phys. Soc. (London) 
79, 794 (1962). 
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with spin I. This weak field is used to observe the reso­
nant frequencies of the system, and it will be assumed 
that it is sufficiently small so that it does not appre­
ciably perturb the system. 

The oscillating fields 2Hl and 2H2 may be visualized 
as two counterrotating fields, each with a magnitude of 
half the peak value. It can be shown9 that only the 
component which rotates in the same sense as the nu­
clear precession is effective in appreciably perturbing 
the system. Thus, the effective magnetic field seen by 
the nuclei islO 

H = Hok+ (HI cosvht+H2 cosw2t)~ 

- (HI sinwIt+H2 sinw2t) 'j. (1) 

The Hamiltonian, measured in units of angular fre­
quency, representing the interaction of the molecular 
system with the "strong" external fields is given by 

X = - [wdz+wsSz- 27r JI· S+'YIH2 (IxCOSW2t- Ilisinw2t) 

+'YSH2(S" COSW2t- SY sinw2t)]. (2) 

The "weak" rf field will be considered as a small per­
turbation and is represented by the Hamiltonian X'. 

X' = - ['YIHI(I" coswlt- [II sinwlt) 

2.1 Weakly Coupled Systems, I WI-WS I >>"27r I J I 
A simplification may be made when the two groups 

of nuclei have different gyromagnetic ratios, or when 
the chemical shift of the two groups is large compared 
to their spin-spin coupling. Such a system is often 
denoted by AnXm in the NMR literature.12 For such a 
case only the diagonal matrix elements of the term 
11· S are kept in the Hamiltonian. One may assume 
that the frequency of the "weak" rf field WI is near WI 
and that W2 is near Ws. Under these conditions 

I WI-W2 I »'YIH2 

and the term 'YIHd" may be dropped from Eq. (8). A 
similar reasoning shows that the term involving 'YSHI 
may be dropped from Eq. (9). With these approxima­
tions, the Hamiltonians are given by 

XT= - [(wI-w2)Iz+(ws-w2) Sz-27r JIzSz+'YSH2S"], 

(10) 

XT' = -bIHl[I" COS(WI-W2)t-IY sin(wl-w2)t]l. (11) 

Another transformation by the rotation operator 

v = exp[i8(m) SII], (12) 
+'YSHl(S" coswlt- SII sinwlt)]. (3) where 

When the Hamiltonian is expressed in units of angular 
frequency, the Schrodinger equation has the form 

(4) 

One may transform the coordinates of the wave func-

()(m) = tan-I['YsH2/(WS-W2-27rJm)], (13) 

transforms the Hamiltonian (10) into diagonal form. 
The transformed Hamiltonian has the form 

(14) 
tions I/; to a new set by the operator T such that with 

1/IT= TI/; and 1/;= T-1if;T. (5) 

In addition, if the Hamiltonian is transformed by the 
transformation 

(6) 

the Schrodinger equation will remain invariant, i.e., 

i-fT=XTI/;T. 

Although the initial Hamiltonian is time dependent, 
it is possible to transform it to a rotating coordinate 
system where it is time independent.ll The required 
transformation has the form 

T= exp[ -iW2t(Iz+Sz)]. (7) 

The transformed Hamiltonian XT is given by 

XT= -[(wI-w2)Iz+(ws-w2) S'-27rJI·S 

+'YIHd"+,ysH2S"], (8) 

XT' = -bIHl[I" COS(WI-W2)t- III sin(wl-w2)t] 

+'YSHI[S" COS(WI-W2)t- SII sin(wl-w2)t]}. (9) 
----

9 F. Bloch and A. Siegert, Phys. Rev. 57, 522 (1940); N. F. 
Ramsey, Phys. Rev. 100, 1191 (1955). 

10 This equation is identical to that given by J. D. Balde­
schwieler, J. Chern. Phys. 34, 718 (1961). 

11 1. I. Rabi, N. F. Ramsey, and J. Schwinger, Revs. Modem 
Phys. 26, 167 (1954). 

(15) 

Here m represents the eigenvalue of the operator Iz. 
The rotation operator V did not change the Hamil­
tonian XT' given by (11) since it commutes with it. 

The well-known spin wave functions which diag­
onalize (1)2, [z and (S)2, SZ with eigenvalues I(I+l), 
m and S(S+l), M, respectively, will diagonalize Xv. 
The wave functions I/;v will be product wave functions 
which may be denoted by 

I/;v(I, m, S, M) =U(I, m) U(S, M). 

The eigenvalues of Xv are independent of I and S 
and are given by 

Ev(m, M) =-[(wI-w2)m+A(m)M]. (16) 

It will be shown below that the selection rules for 
transitions produced by WI are those in which Am=±l 
and AM =0, ±1, ±2, ... ±2S. The transition fre­
quencies in the laboratory system are given by 

w(m, M; m-1, M') = Ev(m-1, M') - Ey(m, M) +W2 

=wI+A(m)M-A(m-l)M'. (17) 

Under the conditions of weak rf fields HI, the inten-
12 Reference 3 (a), p. 98. 
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sity of these transitions can be shown from first-order 
time-dependent perturbation theory to be proportional 
to the square of the matrix element of Ix between 
wave functions of the laboratory system.13 Since the 
eigen wave functions~v(I, m, 5, M) in the "V system" 
are known, the wave functions of the laboratory frame 
~(I, m, 5, M) may be calculated since they are related 
through the transformations 

~(I, m, 5, M) = T-IV-l(m)~v(I, m, 5, M). (18) 

The line intensities L are thus proportional to 

\ (~t(I, m, 5, M) \ Ix \ ~(I, m', 5, M') > \2. 

This expression may be solved to yield the line in­
tensities by substituting into this matrix element the 
wave functions of Eq. (18) and the transformations of 

TABLE I. Transition frequencies and intensities which may be 
observed with a weak rf field near the resonant frequencies of 
spin I while a second rf field is applied near the resonance fre­
quencies of spin S. The initial and final states are denoted by 
(1, m, S, M) and (I, m-l, S, M') where S=!. 

A (m) = [(ws-w2-2,... Im)2+'Y;H22JI 
and 

q,(m) =tan-l (-YsH';[ws-w2-2,...1(m-l) Jl 

M 

-! 
.! 
2 

-! 

-tan-Ie 'YsH'; (ws-w2-2,... 1m)]' 

M' WI-WI 

! KA(m)-A(m-l)J 

-! -![A(m)-A(m-l)J 

![A(mHA(m-l)J 1 
-2 

! -![A(mHA(m-l)J 

L/[(1-m+1) (I+m)J 

K1+cosq,(m)J 

![1+cosq,(m)J 

![l-cosq,(m)J 

![l-cosq,(m)J 

Eqs. (7) and (12). Use is made of the fact that the 
wave functions are product wave functions, and that 
operators involving only I commute with operators 
involving only 5. The matrix element then takes the 
product form 

\ (Ut(I, m) exp( -iw2tIz) I Ix \ exp(iw2tJz) U(I, m') > 

X (Ut(S, M) exp{ -i[8(m' ) -8(m) ]5YI U(S, M') > \2. 

The first term of this product restores the time de­
pendence to the resonance signal. Since the quantity 
of interest is the relative magnitude of the observed 
signals we may replace this product by just the simple 
matrix element 

(ut(I, m) I Ix \ U(I, m') >. 
This matrix element has non vanishing terms14 only if 
m' =m± 1. The evaluation of the second term of the 

13 F. Bloch, Phys. Rev. 102, 104 (1956), Eq. 5.10. 
14 See, for example, E. Feenberg and G. E. Pake, Notes on the 

Quantum Theory of Angular Momentum (Addison-Wesley Pub­
lishing Company, Inc., Cambridge, Massachusetts, 1953), p. 25. 

TABLE II. Transition frequencies and intensities for spin I arbi­
trary and S = 1. 

M 

o 
-1 

1 

o 
o 

-1 

-1 

M' 

A(m)-A(m-l) 

o 0 

-1 -[A(m)-A(m-l)] 

o A(m) 

-1 A(m-l) 

-A (m-1) 

o -A (m) 

-1 A(mHA(m-1) 

-[A (mHA(m-1)] 

L/[(1-m+l) (1+m)J 

i[1+cosq,(m)J2 

cos2q,Cm) 

i[1 +cosq,(m) J2 

! sin2q,(m) 

!sin2q,(m) 

! sin2q,(m) 

! sin2q,(m) 

i[1-cosq,(m)J2 

i[1-cosq,(m)J2 

product has also been given in the literature.l5 Com­
bining these two results yields an expression for the 
line intensities. The relative line intensity of a transi­
tion between a state specified by ~(I, m, S, M) and 

TABLE III. Transition frequencies and intensities for spin I 
arbitrary and S = l 

M 

-! 

-! 

-! 

-! 

-! 

1 
2 

1 -, 

1'-
2 

-! 

M' WI-WI L/[I -m+ 1) (1 +m) J 

3 
2 ![A(m)-A(m-1)J i[1+cosq,(m)J3 

! ![A(m)-A(m-l)J i[1+cosq,(m)J 
[3 cosq,(m)-1]2 

-! -![ACm)-ACm-l)J ![1+cosq,Cm)J 
[3 cosq,(m) -1]' 

-! -![A(m)-A(m-1)J i[1+cosq,(m)]' 
1 
2 M(m)-M(m-l) isin2q,(m) 

[l+cosq,(m)J 

-! M (m)HA (m-l) 

-! -!A(m)HA(m-l) 

! !A (m) -!A (m-l) 

! -!A (m) -!A (m-l) 

-! -M(m)HA(m-l) 

3 
-2 

M(m)HA(m-l) 

M (m) +M (m-l) 

! -M(m)-!A(m-l) 

! -M(m)-M(m-l) 

-! M(m)+!A(m-l) 

! -M(m)-!A(m-l) 

i[l-cosq,(m)J 
[3 cosq,(m) +1]2 

i sin2q,(m) 
[1+cosq,(m)J 

i sin2q,(m) 
[1 +cosq,(m) J 

i[l-cosq,(m) ] 
[3 cosq,(m) + 1]2 

i sin2q,(m) 
[1+cosq,(m)J 

i sin2q,(m) 
[l-cosq,(m)J 

i sin2q,(m) 
[l-cosq,(m)J 

i sin2q,(m) 
[l-cosq,(m) J 

i sin2q,(m) 
[l-cosq,(m) J 

![1-cosq,(m) J3 

![l-cosq,(m)Ja 

15 See, for example, M. E. Rose Elementary Theory of Angular 
Momentum (John Wiley & Sons, Inc., New York, 1957), pp. 52 
and 228. 
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one specified by f(I, m-1, S, M') will be denoted 
by L(m, M; m-1, M') which is given by 

L(m, M; m-1, M') 

= (I-m+1)(I+m)d2(S, M, M', </», (19) 
where 

</>=</>(m) =8(m-1) -8(m) 

(20) 

deS, M, M ', </» 

=[(S+M) !(S-M) !(S+M') !(S-M') !J! 

xL: (-1)K(cost</»2S+M-MI-2K(sint</»lIfl-MHK 

K (S-M'-K) !(S+M-K) !(K+M'-M) !K!" 

(21) 

The sum is over the integral values of K for which the 
factorial arguments are greater than or equal to zero. I5 

In evaluating the quantities d2( S, M, M' , </», the follow­
ing relationships prove useful: 

deS, M ' , M, </» = (_1)MI_Md(S, M, M ' , </», (22) 

deS, M ', M, </» =d(S, -M, _M', </», (23) 

L:d2(S, M ' , M, </» = L:d2(S, M ', M, </» =1. (24) 
M MI 

For the case of S=t, the squares of the matrix 
elements are given by 

d2(t, t, -t, </» =d2(t, -t, t, </» = sin2(t</», 

d2(t, t, t, </» =d2(t, -t, -t, </» = cos2(t</», 

a result which is identical to that calculated by Bloom 
and Shoolery.4 

In nuclear resonance problems, one often encounters 
nuclear spins or groups of magnetically equivalent 
nuclei which form states with total spin values of t, 1, 
and!. The solutions to cases containing two groups of 
nuclei can be obtained by considering the possible 
values of S separately, since the transition intensities 
depend in a rather complex way upon S, while the 
dependence upon I is rather simple. Of course, the 
transition frequencies depend only upon the initial and 
final values of M and m and are independent of Sand 
I. The solutions of general interest corresponding to 
values of S equal to t, 1, and! are given in Tables I, 
II, and III, respectively. The frequencies are deter­
mined by Eq. (17) and the line intensities from Eqs. 
(19) and (21). 

2.2 Graphical Presentation 

It is convenient when discussing spin-decoupling ex­
periments to introduce a simple extension of the 
nomenclature of Pople et al. I2 and to use the letters at 

the end of the alphabet to designate the group to be 
irradiated by the strong field H2, and those at the be­
ginning for the group whose resonance is to be investi­
gated by the weak field HI. For example, acetaldehyde 
would be referred to as an AaX molecule if H2 is set on 
the quadruplet, but as AX3 when H2 is set on the 
doublet resonance. In this nomenclature, WI becomes 
WA and Ws becomes wx. Double irradiation of strongly 
coupled spin systems (for example AB-type molecules) 
will not be considered here. With the further restric­
tion that all nuclei in a given group are magnetically 
equivalent~that is to say, the coupling between two 
groups can be described by a single constant J Ax~the 
calculations of Sec. 2.1 can be seen to be quite general, 
extending the AX calculation of Whiffen to all cases 
of interest. The treatment is not, of course, limited to 
spin t nuclei or to nuclei of the same species, although 
high-resolution proton-resonance spectra appear to 
provide the richest field of investigation at the present 
time, and therefore the practical examples are all pro­
ton-proton decoupling experiments. 

The results of the calculations of Sec. 2.1 have been 
represented graphically in a form which is similar to, 
but not identical with that used by Freeman and 
Whiffen.8 Dimensionless quantities .:1 and n have been 
defined by 

A=(W2-WX)/27r I J I, n=(WI-WA)/27r I J I, 
where WA=WI='YAHo, wx=ws='YxHo, Ho is the static 
or slowly varying main magnetic field, and J = J AX is 
the spin-spin coupling between the two groups of 
nuclei. 

The experimental variables are WI, W2, and Ho, and it 
is usual to keep any two of these constant and vary the 
third. The frequencies of the observed A transitions 
can then be represented on a graph of n versus A, and 
their intensities L are conveniently expressed as a 
function of A (See Figs. 1, 2, and 3). 

In a "frequency-sweep" experiment,8 W2 and Ho are 
either held constant or locked together by some kind 
of nuclear resonance controller and WI is swept through 
the A resonance. This results in a spectrum which may 
be predicted by drawing a vertical line on the diagram 
at the requisite value of A. An experiment which is 
more common because of the simplicity of the instru­
mentation required, is the "field-sweep" method8 which 
consists in holding WI and W2 constant and varying Ho, 
corresponding to varying n and A simultaneously. On 
the figure this is a line with a slope 'YAI'YX and an inter­
cept on the A axis which may be called A' corresponding 
to the deviation from the resonance condition of W2 

when WI =WA. For proton-proton decoupling the slope 
of the line is extremely close to 45°, and 

A' =[27rOAX- (WI-W2)]/27r I J I, 
that is, the discrepancy between the chemical shift 
and the frequency difference between the two oscil­
lators. A third possible experiment consists in holding 
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FIG. 1 (a). The transition frequencies n and intensities L of the A resonance plotted against the offset parameter ti for an AX system 
(full lines) and an AaX system (full and broken lines) for -yHd27r=O.2J. 
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FIG. 1 (b). The transition frequencies fl and intensities L of the A resonance plotted against the offset parameter A for an AX system 
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FIG. 2(a). The transition frequencies n and intensities L of the A resonance of an AX2 system plotted against the offset parameter.:l. 
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FIG. 2(b). The transition frequencies n and intensities L of the A resonance of an AX. system plotted against the offset parameter A 
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FIG. 3 (a). The transition frequencies fl and intensities L of the A resonance of an AXa system plotted against the offset parameter Ll. 
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WI and Ho constant (or controlled in such a way that 
they remain in constant proportion) and sweeping the 
frequency W2. On the diagrams this means operation at 
constant fl, and the results of such experiments may be 
predicted by drawing a horizontal line at a height 
determined by fl. 

The advantage of this presentation over that used 
by Freeman and Whiffen is that it applies generally, 
to nuclei of unlike species as well as to like nuclei. It 
also illustrates the results to be expected in a decoupling 
experiment where the strong field H2 is swept through 
one resonance while the investigating field HI is held 
steady at one point in the spectrum of another group, 
a method to some extent paralleling the "Endor" 
technique. 

Since carbon atoms can form no more than four 
bonds, the magnetic resonance spectra of any two 
groups of protons in an organic molecule can usually 
be represented by one of the nine designations 

AX AXa 

A2Xa 

AaXa. 

Fortunately it is not necessary to consider each case 
separately. For example, the AaX molecule contains 
three magnetically equivalent spin t nuclei which form 
a state with 1= t which has a statistical weight of 2, 
and a state with I =! which has a statistical weight of 
1. The first state corresponds exactly to an AX system 
(the full curves of Fig. 1, calculated from Table I) and 
the second gives rise to the same pattern plus identical 
patterns displaced by one unit of ~ to the left and right 
(the dotted curves of Fig. 1). This is because replace­
ment of m by m±1 in Eqs. (15) and (17) merely re­
produces the same set of frequencies except that the 
n axis is shifted by one unit of ~. Except for a propor­
tionality factor which reflects the statistical weights of 
the states and the relative transition probabilities, the 
curves for the intensities will be translated in the same 
way. For A3X molecules the intensity ratio is 1: 2: 1 as 
indicated in Fig. 1. 

The expected pattern for any case of the form AnX 
can thus be obtained from a superposition of n of the 
solid curves of Fig. 1, shifted from each other by one 
unit of ~. The relative intensities are simply given by 
the binomial coefficients 

where p is the number of identical curves to either side 
of the one being considered. This is a general result. 
AnX2 and AnX3 cases can be deduced simply from a 
knowledge of the curves for the AX2 and AX3 cases. 
In practice for the "field-sweep" or "frequency-sweep" 
experiments it is not even necessary to construct these 

composite curves by superposition. It is sufficient to 
consider n intersections with the simple curves (AX, 
AX2, or AXa) separated from each other by one unit 
on the ~ axis, and to combine them with relative inten­
sities which go as the binomial coefficients. 

Consider next the AX2 case. Here two nuclei of spin 
t form states with 5=1 and 5=0, having equal statis­
tical weights. Transitions in the A group with 5=0 
yield only a single line with one unit of intensity which 
is not perturbed by H 2• The transitions in the A group 
with 5 = 1 are found in Table II. Combining these two 
cases yields the curves shown in Fig. 2. This figure 
suffices for all AnX2 molecules. 

The AX3 molecule contains three identical nuclei of 
spin t and forms a state with 5=! having a statistical 
weight of 1, and a state with 5=t with a statistical 
weight of 2. Combining the results of Table III and 
Table I with these statistical weights, yields the curves 
given in Fig. 3, which may be extended to AnX3 mole­
cules in the way described above. In these cases, there 
will be a coincidence of inner pairs of lines in which M 
and M' differ by one unit. 

2.3 Special Case of a Small Perturbing Field H2 

If the frequency W2 is adjusted to one of the transition 
frequencies of spin 5 (i.e., a line in the spectrum of X), 
a change of the pattern of the A spectrum may be 
detectable even with 'YSH2«27r I I I provided that 
'YSH2 is larger than the linewidths observed in the A 
spectrum. If W2 satisfies the condition 

ws-w2+ 27r 1m'=0, 

then with the approximation 'YsH2«27r I I I , Eq. (17) 
takes the form 

w(m', M'; m'-1, M)""'WI-27r 1M +'YSH2M', (25) 

w(m'+1, M; m', M') ""'WI + 27r 1M -'YSH2M', (26) 

w(m",M;m"-1,M)=WI+27r1M, (27) 

where m", m" -1~m'. In the same approximation the 
transi tion frequencies w (m", M; m" -1, M') with 
M'~M have negligible intensities, and therefore will 
not be considered. Eqs. (25) and (26) show that each 
of the 25+1 lines of the original multiplet is split into 
a submultiplet having 25+1 lines. Eq. (27) shows that 
if I> t, an additional line appears in the center of each 
submultiplet which will coincide with an existing line 
if 5 is an integer. The relative intensities of these lines 
may be readily calculated with the aid of Eq. (19). 
The relationship (24) shows that the sum of the line 
intensities of a submultiplet is just equal to the corre­
sponding line intensity of the unperturbed multiplet 
line from which it came. 

For the case under consideration, Eq. (20) yields 

l±t7r if m=m' or m'+l 
cJ>(m) = 

o for all other m 
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The relative intensities of each line of a submultiplet 
(excluding the line given by Eq. (27) which is absent 
if 1= t) is proportional to d2( S, M, M',!lI'). The rela­
tive intensities of the lines of the first and last sub­
multiplets (M = ± S) are just proportional to the bi­
nomial coefficients since 

d2 (5, 5, M',!lI') 
(5+M') !(5-M')! 

~m{:~,) 
Further, it may be shown that if the X group is com­
posed of iV magnetically equivalent nuclei of spin t, 
the relative intensities of the lines of any submultiplet 
group will be proportional to the binomial coefficient 

where 5=tX. 
Equations (25) through (27) predict that a transi­

tion line of group A is split into a submultiplet when it 
has an energy level in common with a transition pro­
duced by Wz. This is a general result; a resonance will 
be split into a submultiplet if it has an energy level in 
common with a second resonance which i~ simultane­
ously being excited with a sufficiently large rf field. 16- zO 

The technique of applying a quite weak perturbing 
field to a single line of a high-resolution spectrum may 
have practical applications in attacking analysis prob­
lems for strongly coupled systems. It appears that a 
relatively complicated energy-level diagram could be 
traced out using this type of marking technique. The 
technique may also be used to determine the relative 
signs of spin-coupling constants in a manner analogous 
to that used by Freeman and Whiffen.7 

2.4 Special Case of a Strong Perturbing Field H 2 

It may be noted from the curves for the AXm cases 
that the A multiplet coalesces to a single line for Ll=O, 
except for satellite lines that are very weak when Hz is 
strong. For A"Xm molecules where n> 1, although the 
A multiplet is considerably modified by the influence 
of H 2, this feature is always absent, and for Ll =0 there 
is what may be called a "residual splitting" even at 
strong H 2 • 

The following simple expressions are obtained for 

16 A. Javan, Phys. Rev. 107, 1579 (1957). 
17 A. M. Clogston, J. Phys. and Chern. Solids 4, 271 (1958). 
18 J. H. Burgess, J. phys. radium 19, 845 (1958). 
19 S. Yatsiv, Phys. Rev. 113, 1538 (1959). 
20 F. Bloch (to be published). 

the transition frequencies and line intensities using the 
approximation of 'YsH2»211' I J I I: 
w(m, M; m-l, M)""""WI 

- (211'J/'YsHz) [ws-w2-211' J(m-!) ]M, (28) 

L(m, M; m-1, M) 

""""[(I-m+1) (I+m)]d2(5, M, M, 0) 

= (I-m+1) (I+m). (29) 

These equations show that in this limit the intensities 
of these lines depend only on the statistical weight 
factors and approach the intensities found with H 2 =0. 
However, the spacings between some of the lines vanish 
and others are greatly reduced. In an experiment 
in which the frequency WI is swept while the frequency 
W2=WS, the splitting is reduced by the factor 

211'J(m-t)/'YsH2• 

The splitting will be reduced by nearly this same 
factor in a magnetic-field-sweep experiment if the addi­
tional inequality 'Y[H2»211' I J I 5 is satisfied. 

These equations predict that the spectrum coalesces 
to a single line if I =t. This is indeed seen to be true 
from Figs. 2 and 3 even when the inequality 

'YsH2»211' I J I I 
is not satisfied, but at low values of Hz the satellite 
lines have appreciable intensity and are in the same 
region as the normal transitions. If I>t, these equa­
tions predict the residual splittings which clearly persist 
even with very large values of H2• 

2.5 Effects of Finite Chemical Shift 

Some of the additional complexities which arise be­
cause the resonant frequencies of the two groups of 
nuclei are separated by a finite frequency-interval will 
now be considered. They arise from the fact that 
neither the spin-coupling constant 211' I J I , nor the 
effective radiofrequency field 'YH2 are negligibly small 
compared with the difference frequency I W[-WS I . 
Since the second- and third-order corrections to the 
transition frequencies by the perturbation parameter 
211' J / (W[-ws) have been considered elsewhere21 only 
the additional perturbation proportional to 

'YHz/(W[-ws) 

will be considered here. 
In Eq. (8), it is no longer possible to neglect "1Hz 

compared to W[-W2, and a transformation V will be 
applied to bring the wave function of the I spin into 
diagonal form. The required transformation is 

V = exp(iO,.]Y) , 
with 

tanOA = 'YHz/ (W[-wz). 
21 W. A. Anderson, Phys. Rev. 102, 151 (1956). 

(30) 

(31) 

Downloaded 21 Feb 2012 to 131.111.243.142. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



NUCLEAR MAGNETIC RESONANCE SPECTRA 97 

The transformed Hamiltonian is 

Xv= - [A1Z+(wS-W2-211"J cosOA1Z) s' 
+ ('YII2- 211" J sinlhP) SZ 

with 
(33) 

The last three terms of Eq. (32) will be neglected since 
they represent a second-order perturbation due to the 
spin coupling. . . 

A final transformation will now be applIed to dmg­
onalize the S spin wave function. This is given by 

W= exp[iOx(ntA)Su], (34) 
with 

'YII2-211"JntA sinOA 

ws-w2-211" JntA COSOA' 

The transformed Hamiltonian is simply 

where 

X(ntA) = [(w,s-w2-211"JntA COSOA) 2 

(35) 

(36) 

+ ('Y II2- 211"JntA sinOA)2]l. (37) 

As in Eq. (16) the energy eigenvalues in this trans­
formed system are independent of 1 and S and are 
given by 

EW(ntA, ntx) =-[AntA+X(ntA)ntX]. (38) 

A weak rf field III with a frequency Wl will induce 
transitions between these levels. The frequency W2 will 
be near the resonance frequency Ws, and WI will be near 
the frequency WI. The transitions of particular inter.est 
are those with .1.ntA = ± 1 and .1.ntx = 0 correspondll1g 
to the strong lines of the spectrum when 'YII2?:. 211" \ J ! . 

Let the laboratory frame transition frequencies be­
tween states with ntA, ntx and ntA -1, ntx be denoted 
by W(ntA, mx; ntA-l, ntx). Then 

W(ntA, ntx; ntA -1, ntx) =w2+A+[X(mA) 

-X(ntA-1) ]ntx. (39) 

The first term on the right-hand side represents the 
transformation to the rotating coordinate frame. The 
second term gives the effective transition frequencies 
of the I spin group neglecting the spin-spin coupling. 
The exact values of these frequencies depend upon the 
strength of the radiofrequency field, a fact that has 
been used to measure the radiofrequency field strength 
at the sample.21 ,22 The last two terms predict the :ffect 
of the coupling in the presence of the strong radlOfre­
quency field II2• The magnitude of the coefficient of 
mx determines the residual splitting of the spectrum. 

22 W. A. Anderson, reference 3 (d), p. 164. 

Equations (33) and (37) may be approximated by 
making use of the inequalities 

(WI-W2)2»( 'YII2) 2»(W,s-W2) 2+ (27r J) 2ntA2, 

to yield 
A::::::WI-W2+H 'YIl2) 2/ (WI-W2). 

X (nt.\) ""'YII2- 211" JntA sinOA +HWS-W2) 2/ ('YII2) 

+(t) (211"JntA cosOA)2/('YII2) 

- (WS-W2) (211" JntA COSOA) / ('YII2). 

Substitution of these values into Eq. (39) yields 

w(mA, ntx; ntA -1, ntx) =WI+ (1) ('YII2) 2/ (WI-W2) 

X[(211"J cosOA)hII2][ws-w2 

-h J COsOA(ntA -1) +'YII2 tanOA]ntX. (40) 

Study of Eq. (40) leads to a number of interesting 
conclusions. This equation yields the transition fre­
quencies which are observed when 

Wl=W(ntA, ntx; ntA-1, ntx). 

The first term on the right-hand side of Eq. (40) 
represents the resonance frequency of group A in the 
absence of any couplings to other groups and in the 
limit of II2~O. The second term represents a shift of 
the observed resonance-frequency by the presence of 
the strong radiofrequency field H 2• The remaining 
terms represent the residual spin coupling, and except 
for the last, correspond to those found in Eq. (28), 
and they vanish if W2 = Ws and 1 = 1. The last term 
in the bracket represents a splitting that increases 
with increasing II2• This effect has been pointed 
out by Bloch for the special case of two coupled spin 
~ nuclei.23 In the limit of extremely large values of 
B2, i.e., 'YII2» I WI-WS I this term yields back the 
original coupling 211" J, since now both spins are quan­
tized along the same axis in the rotating coordmate 
frame. 

If W2 is chosen so as to satisfy the equation 

('YII2)2 ('YII2) 2 

w2-W,s='YH2 tanOA =---=--, (41) 
WI-W2 WI-WS 

then the first and third terms in the bracket of Eq. (40) 
cancel and the spectrum will be completely collapsed 
if 1=1; if 1>1 all lines with the initial state "!A=1 will 
coincide. Thus, the most complete collapse IS not ob· 
tained with W2=WS, but with the value of W2 displaced 
slightly towards the other group. This correction is of 
particular importance if one is to determine ac~urate 
chemical shift values by double-resonance techmques. 
If one employs the "field-sweep" method keeping the 
difference frequency (Wl-W2) constant while sweeping 
IIo, one finds that the most collapsed spectrum is ob-

23 Reference 13, Eq. 7.121. 
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FIG. 4. The effective fields ex-
perienced by the A and X nuclei 
in a frame rotating at W2. For op­
timum decoupling of the A and X 
spins,Ox-OA=!7T". 

WI-W2=W[-WS- (-yH2)2/2(w[-ws). (42) 

Both of the shifts described above may be given a 
simple geometric interpretation. The first shift corre­
sponds to the fact that the effective field in the co­
ordinate system rotating at W2 as seen by the nuclei of 
grou~ A is the vector sum of the field WA -Wz along the 
Z aXIS and 'YH2 along the X axis, yielding the vector A 
as indicated in Fig. 4. Here all fields have been ex­
pressed in units of angular frequency. The difference 
in the length of A and I WA -W2 I corresponds to the 
correction.21 

To achieve the maximum decoupling the spins of 
group A and group X must be quantized substantially 
at right angles to each other, so that the scalar product 
I· S becomes small. The effective field in the rotating 
system as seen by the X spins is indicated by the vector 
X of Fig. 4, corresponding to the vector sum of 'YH2 
along the X axis and WX-W2 along the Z axis. The effect 
of the spin coupling upon X has not been included here 
as it was in Eq. (37) since with 'YHi»27r I J I its effect 
will be considered separately by treating 27r JI. S as a 
perturbation. With this approximation, the spin opera­
tor I will be quantized along the vector A and the spin 
oper~tor S will be quantized along the vector X. By 
makmg the vectors A and X perpendicular to each 
othe~, the quantity 27r JI. S will have no diagonal 
matnx elements, and thus the effect of the spin coupling 
appears as a second-order effect. The condition which 
y~elds these two vectors perpendicular is just that 
gIven by Eq. (41) and it may be achieved provided 
that 'YH2<! I WA-WX I. 

When W2 is chosen to satisfy Eq. (41), the residual 
splittings (R rad/sec) observed in spectra of molecules 
where I> ~ are given by the expression 

R = [(ws-wz) 2+'Y2Hz2+47r2J2mA2J! 

- [(WS-W2)2+'Y2H22+47r2 J2(mA -l)2JI, (43) 

whi~h, when 'YHz»27r I J I, reduces (to a good approxi­
mation) to the expression derived in Sec. 2.4 for the 
residual splitting 

(44) 

3. EXPERIMENTAL 

S~ectra were obtained at room temperature using a 
Vanan HR-60 high-resolution spectrometer. Double 
irradiation by the field-sweep method was accomplished 
by using the spectrometer rf field as H2 and a field­
modulation sideband as HI. A synchronous detector 
driven by the modulation frequency was used to 
separate the signals from the resonances excited at the 
centerband frequency. This system was similar to those 
described by Pound,24 Kaiser,25 and Freeman.26 The rf 
field H2 was calibrated by the method described by 
Anderson.21 ,22 

"~requency-sweep" spectra were obtained by intro­
dUCIng a control loop to maintain W2 and Ho in a con­
stant proportion, while Wj was swept through the A 
resonance. The system was similar to those used by 
Anderson27 and Primas.2s A dispersion-mode signal 
from a small quantity of tetramethylsilane (the internal 
reference compound) was fed as an error signal to the 
galvanometer of the flux stabilizer of the Varian spec­
trometer. Three separate magnetic-field modulations 
were used, all at sufficiently high frequency to ensure 
that there could be no magnetic-resonance responses 
excited by the centerband frequency Cwo) or the three 
unused sidebands, and all at low modulation index so 
as not to interfere with one another. A sideband at w~ 
excited the tetramethylsilane signal and this was 
separated from other signals appearing at the output 
of the Varian spectrometer by means of a synchronous 
detector driven by a reference signal at the modulation 
frequency W3-WO and phased so as to produce the dis­
persion mode signal. The galvanometer of the flux 
stabilizer integrates this signal and holds the magnetic 
field Ho to the resonance condition within about ±O.Ol 
mG. This was estimated by adjusting a second modu­
lation frequency to the side of a sharp resonance and 
noting the excursions caused by the small residual 
magnetic-field fluctuations. It was quite feasible to 
leave this system "locked" indefinitely without further 
attention if gross degradation of the magnetic-field 
homogeneity was avoided. A field-modulation sideband 
at WI was then used to investigate the A-group reso­
nance, these signals being separated in a second syn­
chronous detector supplied with a reference signal at 
WI-WO and phased so as to give the absorption mode. 
The modulation (and reference) frequency was then 
swept through the A spectrum by driving the tuning 
control of the audiofrequency oscillator by means of 
an electric motor and a reduction gear. A Hewlett­
Packard 300 CD oscillator was used and although this 
had a nonlinear frequency scale, the sweep range was 
so small that no sign of this could be detected in the 

24 R. V. Pound, Rev. Sci. Instr. 28, 966 (1957); R. Freeman 
and R. V. Pound, Rev. Sci. Instr. 31,103 (1960). 

25'R. Kaiser, Rev. Sci. Instr. 31, 963 (1960). 
26 R. Freeman, Mol. Phys. 3, 435 (1960). 
27 W. A. Anderson (unpublished work). 
28 H. Primas, Fifth European Congress 011 Molecular Spec· 

troscopy, Amsterdam (1961). 
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spectra. A third field-modulation sideband provided 
the perturbing radiofrequency field at "'z and was ad­
justed in modulation index to have the required field 
strength H 2• It was set at the required position in the 
X spectrum by comparing "'3-"'2 with the chemical 
shift of X referred to tetramethylsilane. The exact 
position of the X-resonance lines could be determined 
with low Hz by adjusting "'z while observing the audio­
frequency signal it induced on the spectrometer oscil­
loscope. Under certain circumstances it was found con­
venient to use the centerband as Hz, in order that H2 
be precisely calibrated. This introduces the problem of 
phasing the two synchronous detectors (or at least the 
one used to investigate the A resonance) to reject the 
centerband response, the condition for complete rejec­
tion being zero phase shift between the audiofrequency 
modulation and the reference. 

4. RESULTS 

The aim of this section is to demonstrate that the 
calculations of Sec. 2 do in fact predict the behavior of 
high-resolution nuclear magnetic resonance spectra 
when a second rf field is present. For this purpose, it is 
convenient to consider separately three ranges of 
strength of this field, where "(Hz is very much less than, 
comparable with, and very much greater than 
21T I lAX I. 

4.1 Weak Perturbing Field 

As might be expected intuitively, the second radio­
frequency field does not produce observable effects in 
the spectrum under these conditions unless "'2 is very 
close to the frequency of one of the X transitions. This 
can be seen clearly from Figs. l(a), 2(a), and 3(a) 
which have been calculated for "(H2/21T=0.21Ax. This 
is an example of a situation where the "frequency­
sweep" method produces spectra that are quite clear 

(a) 

(b) 

FIG. S. The methyl-group 
doublet of acetaldehyde re­
corded by the frequency­
sweep method: (a) unper­
turbed and (b) with H2 irra­
diating one of the strong lines 
of the CRO quadruplet, with 
"I[J2/27r".O.2J. 

(")~ 

(b) 

(e) 

(d) 

FIG. 6. The alde­
hyde proton resonance 
of acetaldehyde re­
corded by the fre­
quency -sweep method: 
(a) unperturbed and 
(b), (c), and (d) with 
increasing strengths of 
112 irradiating the low­
field line of the methyl­
grout> dOli blet. In (d) 
"IH,j27r"'V. 

to interpret, but where the "field-sweep" technique 
gives complicated results. In the latter method, one of 
the A lines will be split whenever ("'1-"'2) is set close 
to the frequency separation of an A and an X line, 
except that for certain pairs of lines this effect will be 
completely obscured because of the spurious line 
broadening that can occur in field-sweep spectra,8 a 
phenomenon which is particularly marked at low values 
of Hz. 

Consequently, the investigations of this section were 
made by the "frequency-sweep" method with the in­
strumentation as described above. The sample was 
acetaldehyde (0 =455.5±0.2 cps, 1 = 2.8±0.2 cps) 
and "'2 was first set on one of the strong lines of the 
CRO quadruplet. As discussed in Sec. 2.3 and illus­
trated in Fig. 1 (a), this is a case where the A resonance 
should split into submultiplets which contain three 
lines each but do not show a binomial distribution of 
intensities. Figure l(a) also indicates that for ~=±0.5 
each line of the methyl group doublet should split into 
triplets whose relative intensities should be very sen­
sitive to the setting of "'z. Figure 5 illustrates the spectra 
obtained (a) with H2=0, (b) with "(Hd21T approxi­
mately 0.21 AX, and ~ very near to 0.5. The intensities 
of each line of the submultiplets are seen to be very 
roughly equal, in reasonable agreement with the theory 
[Fig. 1 (a)]. 

An interesting complication arose when the reverse 
experiment was attempted. When "'2 was set on the 
low-field line of the methyl group doublet and the 
strength of H2 gradually increased, a perturbation of 
the relative intensities of the quadruplet was observed. 
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FIG. 7. The alde­
hyde-proton reso­
nance of acetalde­
hyde recorded by the 
frequency - sweep 
method with A = 0, 
-;H2/27r= J, showing 
first- and seconcl­
order satellite lines. 
The theoretical spec­
trum was obtained 
from Jo'ig. 3(b). 

Figure 6 shows the spectra obtained when the frequency 
was swept in the sense which corresponds to the con­
vention for field-sweep spectra-low to high applied 
field going from left to right. Figure 6(a) shows the un­
perturbed quadruplet while (b), (c), and (d) are at 
increasing strengths of H2 up to 'YH2/27r= t J for the 
last trace. When the high-field line of the methyl group 
was irradiated, the spectra obtained were essentially 
the mirror images of those shown in the figure. 

This change in relative intensities arises because H2 
causes a rearrangement of the energy-level populations 
so that they are no longer described by the Boltzmann 
distribution law. The quantitative aspects of the 
changes, which are unfortunately somewhat obscured 
here because of the formation of submultiplets, should 
in principle indicate which relaxation mechanism is 
dominant, as in the double-irradiation experiments of 
Pound on sodium nitrate.29 Some very simple experi­
ments which consisted in saturating the whole of the 
methyl-group resonance and then quickly displaying 
the aldehyde-proton resonance, produced no detectable 
increase or decrease in the total intensity of the latter. 
Similarly, it appears from Fig. 6 that the total quad­
ruplet intensity remains constant as H2 is increased 
from zero. This suggests that the two groups are relaxed 
independently and not through their mutual coupling 
JI. S or by dipole-dipole interaction within the mole­
cule. In the sample used, the measured spin-lattice 
relaxation times were 30±2 sec (aldehyde proton) and 
17±2 sec (methyl-group protons). Assuming inde­
pendent relaxation with relative efficiencies 1: 2 it is 
possible to calculate the new energy-level populations 
when the low-field line of the methyl doublet is satu­
rated, by making use of the electrical-circuit analogy 
proposed by Bloch.3° The predicted relative intensities 
are then -0.2, +2.1, +3.9, +2.2 which are to be 

2j) R. V. Pound, Phys. Rev. 79, 685 (1950). 
30 Reference 13, p. 112. 

compared with the approximate experimental values 
-0.15, +2.0, +3.9, +1.8 obtained by integrating the 
areas under the submultiplets of Fig. 6(d) and com­
paring with Fig. 6(a), making use of the rule th~t the 
total intensity of a submultiplet is equal to the mten­
sity of the single multiplet line from which it came, a 
consequence of Eq. (24). 

This is a manifestation in proton magnetic resonance 
of the general Overhauser effect1 ,30,8I.32 of which only 
isolated examples appear to have been reported in the 
literature for nuclear-magnetic double-resonance at 
high resolution.8a ,84 However, since a detailed quantita­
tive study might reasonably be regarded as beyond the 
scope of the present communication, and because such 
a study would require more careful attention to the 
effects of the molecular environment, sample purity, 
dissolved oxygen, etc., it is planned to reinvestigate 
this interesting system and present the results at a 
later date. 

Figure 6( d) shows that in fact the expected splitting 
of the lines of the quadruplet into submultiplets that 
are also 1: 3 : 3 : 1 quadruplets does occur, as predicted 
in Sec. 2.3 and illustrated in Fig. 3(a). 

4.2 Perturbing Field of Intermediate Strength 

One interesting aspect of the curves in Figs. 1, 2, 
and 3 is the presence of the satellite responses which 
correspond to A transitions that occur simultaneously 
with an X transition. These latter may change the 
spin quantum number by one, two, or more units 
giving rise to what may be termed first-, second- and 
nth-order satellites. The presence of these is well illu­
strated at exact resonance (~=O) in a "frequency­
sweep" investigation of the acetaldehyde CHO reso­
nance with 'YH2=27rJvx (Fig. 7). The calculated spec­
trum obtained from Fig. 3(b) fits very well, and as 
predicted the "third-order" satellites are too weak to 
be observed. 

The "field-sweep" method has been used in the rest 
of this section, partly on grounds of instrumental 
simplicity, and partly because most current applica­
tions of double irradiation seem to employ this method, 
so it is important to recognize the type of spectra 
which may be obtained. Figure 8 illustrates the spectra 
observed for the CHO resonance of acetaldehyde when 
W2 is near the methyl-group doublet and 'YH2/27r=2J AX. 

Predicted spectra were obtained from a figure similar 
to Figure 3 (b) by drawing lines across at 45°. As dis­
cussed by Freeman and Whiffen8 certain lines tend to 
broaden in a field-sweep experiment because lines 
drawn across the figure at 45° sometimes intersect the 
curve at a very acute angle, and the curves have a 

31 A. W. Overhauser, Phys. Rev. 91, 476 (1953) j 92, 411 (1953) j 

94, 768 (1954). 
32 A. Abragam, Phys. Rev. 98, 1729 (1955). 
33 I. Solomon, Phys. Rev. 99, 559 (1955) j I. Solomon and N. 

Bloembergen, ]. Chern. Phys. 25, 261 (1956). 
34 J. Wertz, P. L. Jain, and R. L. Batdorf, Phys. Rev, 102, 

920 (1956). 
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FIG. 8. The aldehyde-proton reso­
nance of acetaldehyde recorded by the 
field-sweep method while the methyl 
group is irradiated with 'YH .j21f' = 2J, 
at several values of the offset param­
eter fl'. The coincidence of three 
satellite lines for fl' = 2.0 should be 
noted. 

0 

2·0 

0·5 

J II 
~F 

2·5 

natural linewidth of their own. In addition these lines 
may have greater relative height because the sweep 
rate is nearer the ideal slow-passage condition. Where 
such excessive broadening would be expected it has been 
indicated (schematically not quantitatively) by a 
triangular line in the theoretical spectrum. 

The calculations for the AX2 case were compared 
with the experimental results obtained with diethyl 
succinate. The ethyl group resonance of this compound 
forms an AsX2 system where the chemical shift 
(171.3±0.2 cps) is sufficiently large compared with 
the coupling constant (7.S±0.2 cps) that second-order 
spin coupling is not apparent in the spectrum. Field­
sweep spectra with 'YH2 set equal to 27rJAX are com­
pared in Fig. 9 with theoretical spectra obtained by 
drawing lines across Fig. 2(b) at 45° slope at (il'-I), 
il' and (il' + 1), and by combining these partial spectra 
in the relative intensities 1: 2: 1. An equivalent result 
is obtained by constructing composite curves specifically 
for the A3X2 case in the way illustrated for A3X in 
Fig. 1. 

It is interesting to note that in systems of this type 
the only easily recognizable feature of the spectrum 
that is peculiar to the exact resonance condition 
11' =0 is the symmetry about the center, and in practice 
this is quite often obscured. The height of the central 
strong line is no indication at all of how near W2 is to 
Wx. Recognition of the condition il' =0 from observed 
spectra is an essential part both of chemical shift 
measurement by double irradiation and the determina­
tion of relative signs of spin-coupling constants. It is 

',0 "5' 

.J ~ JL ~ fo..-J .~ 

J J I, I 1 
3'0 4'0 

therefore perhaps worth re-emphasizing here that 
although double irradiation ofAXm type spectra with 
H2 of intermediate strength does give an eailily recog­
nizable pattern for 11' = 0 (essentially a single line in a 
field-sweep experiment), for AnXm spectra there is a 
residual splitting which makes recognition of the exact 
resonance condition considerably more difficult. 

4.3 Strong Perturbing Fields 

1,1,2 trichloroethane proved to be a very conveni.:nt 
sample for the investigations of this section. In the 
neat liquid, the chemical shift (110.2±0.2 cps) is 
sufficiently small to permit illustration of the correction 
discussed in Sec. 2.5, Eq. (42), while the coupling con­
stant is reasonably large (6.0±0.2 cps) without second­
order spin-spin splittings being apparent in the spec­
trum. It provides an example of the AX2 and A2X cases. 

A series of experiments was performed where the 
CH2Cl protons were irradiated while the CHCl2 proton 
was investigated by the field-sweep method (the AX2 

case). Decoupled spectra were recorded with 
(Wl-W2)/27r set at intervals of 0.1 cps over a range 
near (WA -WX) /27r to discover the setting which gave 
optimum decoupling. For this purpose, the only 
criterion which seems to be both sensitive and practi­
cable is the height of the coalesced line. Although the 
total intensity of the observed lines does not go through 
a maximum for optimum decoupling, the coincidence 
of all the strong lines causes the peak height to be a 
maximum for this condition, so that if a sufficiently 
large number of measurements are made, the optimum 
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setting of (WI-W2)/211' can be determined within a 
few tenths of a cycle per second.35 

These experiments were then repeated at several 
different values of H2, starting at 'YH2= 211' J and in­
creasing until the optimum setting could no longer be 
determined accurately. Figure 10 shows (wl-wz)/211' 
determined in this way plotted against ('YH2/211') 2. The 
experimental points show a good fit to the line which 
represents Eq. (42) with (wl-ws)/211'=1l0.2 cps. 
Certainly there is clear support for the sense of the 
correction calculated in Sec. 2.5; it is in the opposite 
direction to the correction which has to be applied to 
the position of modulation-sideband responses.21 In 
the measurement of chemical shifts by spin-decoupling 
experiments, and in the determination of relative signs 
of spin-coupling constants this effect could be quite 
significant at high values of the perturbing field or at 
low values of the chemical shift. 

1II,--...,.---,----r-----, FIG. 10. The ex­
perimentally deter­
mined settings of 
WI -w, for optimum 
decoupling of the 
CHC!, proton in 
1,1,2 trichloroethane 
by irradiation of the 
CH2Cl protons at 
several values of H2• 

The full line repre-
10BO!:----'---""20!:-::O,----'-----:-!400 sents Eq. (42) for a 

chemical shift of 
(-yH./21f)' 110.2 cps. 

,. R. Freeman, Mol. Phys. 4, 385 (1961). 

\·0 

FIG. 9. The methyl-group resonance of 
diethyl succinate recorded by the field­
sweep method while the coupled methyl­
ene group is irradiated with -y/Jd27r= J, 
at several values of the offset parameter 
A'. Theoretical spectra were obtained 
from Fig. 2 (b) by the method described 
in the text for AaX2 molecules. Lines ex­
pected to be abnormally broad have been 
represented schematically by a triangle. 

The sample was next investigated as an AzX case 
wi th H2 applied to the CHCb proton and the CH2Cl 
resonance displayed by the field-sweep technique. The 
residual splitting of the resonance was then determined 
by comparison with the splitting (J) observed when 
W2 was set far off resonance with a low value of H2• 

These measurements were repeated at increasing values 
of H2 until the residual splitting was too small to be 
observed, with settings of (WI-W2)/211' appropriate to 
the power levels ('YH2/211'). The results are plotted in 
Fig. 11 against ('YH2/211')-1 to illustrate that Eq. (44) 
applies at high powers. The full curve represents the 
exact expression of Eq. (43). 

3r-----~r---~-.------_r~----~ 

0·15 

FIG. 1 L The residual splittings observed in the resonance of the 
CH2CI protons of 1,1,2 trichloroethane when the CHC!, proton is 
irradiated at several different values of H 2• The full curve repre­
sents Eq. (43), while the broken curve represents Eq. (44), 
which is only valid for -yH2»27r 1 J I. 
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5. CONCLUSIONS 

The decoupling effect of a second rf field H2 on nuclear 
magnetic resonance spectra can be predicted theoret­
ically by transforming the spin Hamiltonian into a 
frame of reference rotating at W2, the frequency of H2. 
This removes the time dependence, and the Hamil­
tonian matrix may then be diagonalized by further 
simple transformations. The calculation of transition 
frequencies and intensities in the laboratory frame is 
then straightforward, and these are given in tabular 
form. Applied to groups of magnetically equivalent 
nuclei, these allow the spin-decoupling behavior of 
most of the interesting proton systems to be calculated, 
provided that the chemical shift is large in comparison 
with the coupling constant. A graphical method of 
presentation illustrates the three principle practical 
methods of investigating decoupled spectra, and has 
the advantage of being applicable to double irradiation 
of molecules containing nuclei of different species. 

Irradiation with fields weak with respect to the cou­
pling constant at frequencies very near to a transition 
frequency, has been shown to give rise to splitting of 
the individual lines of multiplets into submultiplets. 
It is suggested that this technique may be useful as a 
preliminary attack on the analysis of a complex 
strongly coupled spin system by identifying those 
transitions that have an energy level in common with 
the transition produced by H2• The method has the 
practical virtue that the perturbation of other lines in 
the spectrum could be kept small. The technique may 
also prove to be a useful refinement of the double­
irradiation method of determining relative signs of spin­
coupling constants in molecules where not all chemical 
shifts are large compared with the respective couplings. 

In acetaldehyde irradiation of one of the lines of the 
methyl group has been shown to modify the relative 
intensities of the lines of the aldehyde quadruplet, a 
nuclear Overhauser effect. The final integrated inten­
sities are consistent with independent spin-lattice 
relaxation of the two proton groups, as suggested by 
the fact that no Overhauser effect is observed when the 
whole of the methyl group is saturated. It is interesting 
to note that some type of precise field-frequency con­
trol is necessary to make possible experiments of the 
first type where a single line of a multiplet resonance is 
saturated. Such instrumentation is now becoming more 
and more common and one might therefore expect 
similar effects to be brought to light in other molecules 
in the near future. 

A previous paper8 has compared observed and pre­
dicted spectra for AX proton systems under double-

irradiation conditions. The extension of these calcula­
tions to AX2 and AXa systems is here given experi­
mflltal confirmation for irradiating field strengths 'YIl2 
comparable with 21T J. A simple method of deriving the 
spectra predicted for A"X2 and A"Xa molecules has 
been described and applied to the calculation of the 
patterns observed in the double irradiation of diethyl 
succinate. 

It has long been realized21 that the presence of a 
strong radiofrequency field produces a small shift in 
the observed resonance frequency of a nearby line. It is 
for this reason that in field-sweep experiments modula­
tion-sideband responses are observed to be separated 
from the centerband signal by slightly less than the 
modulation frequency. The correction amounts to 
('YIlz)2/2(wA-wx) in rad/sec. It is therefore natural 
to apply this correction when calculating the optimum 
setting of (WI-W2) in spin-decoupling experiments if a 
strong perturbing field is used or if the chemical shift 
is small. However, for this situation it may be shown 
that a further correction is necessary and this turns 
out to be twice as large and in the opposite sense, so 
that the total correction is now 

WI-W2=WA-WX- ('YH2) 2/2 (WA-WX) . 

The effect must be allowed for when accurate measure­
ments of proton chemical shifts are to be obtained by 
spin-decoupling techniques. 

Strong fields applied at exact resonance cause spin 
multiplets to coalesce to a single line for molecules of 
the type AXm. But for AnXm systems where n> 1 a 
residual splitting of the resonance line persists as H2 is 
increased. For 'YIl2»21T I J I this splitting is given by 
the simple formula 

R= (21T J)2(mA -!) hH2 rad/sec. 

For fields strong enough to satisfy the condition 
'YH2>! I WA-WX I this splitting actually begins to in­
crease with increase of H2, reaching 21T J rad/sec in the 
limit. These are somewhat surprising results if one 
relies on one of the very simple pictures of spin de­
coupling which suggests that the strong field merely 
causes such rapid transitions of the X-group resonance 
that the A-group multiplet is "washed out." 
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